COHOMOLOGY OF LOCAL COCHAINS 



MARTIN FUCHSSTEINER 

Abstract. We prove that for generalised partitions of unity {tpi \ i & 1} and 
coverings U:= {ip-'^{R\{0}) I i e /} of a topological space X the cohomology 
of abstract il-local cochains coincides with the cohomology of continuous It- 
local cochains, provided the coefficients are loop contractible. Furthermore we 
show that for each locally contractible group G and loop contractible coefficient 
group V the complex of germs of continuous functions on left-invariant diagonal 
neighbourhoods computes the Alexander-Spanier and singular cohomology; 
Similar results are obtained for fc-groups and for germs of smooth functions on 
Lie groups. 



Introduction 

It is well known that the Alexander-Spanier cohomology i7_4s(X; V) of a topolog- 
ical space X with coefficients in a real topological vector space V coincides with its 
continuous version, provided the space X is paracompact. Analogously for smoothly 
paracompact manifolds M the Alexander-Spanier cohomology Has{M;V) coin- 
cides with the smooth Alexander-Spanier cohomology Has,s{M; V). The standard 
proof thereof uses sheaf theory and is not suited to show that one may in fact re- 
strict oneself to diagonal neighbourhoods of a certain kind, e.g. left- invariant ones 
in topological groups. In the first part we give an alternate and more generally 
applicable proof which also demonstrates that for loop contractible coefficients and 
coverings U of a topological space X by cozero sets of a generalised partition of 
unity the cohomology of abstract il-local cochains coincides with the cohomology 
of continuous it-local cochains, and for manifolds also coincides with the cohomol- 
ogy of smooth il-local cochains, if il consists of cozero sets of a smooth generalised 
partition of unity and the coefficients are smoothly loop contractible. Passage to 
the colimit over all (numerable) coverings yields the classical result for paracompact 
spaces or smoothly paracompact manifolds. 

We also relate the different cohomology concepts(Alexander-Spanier, singular 
and Cech cohomology) in locally contractible topological groups and Lie groups. 
Van Est has already shown in |vE62j that for locally contractible topological groups 
G on may compute one can compute the Alexander-Spanier cohomology by consid- 
ering left-invariant neighbourhoods of the diagonals in G*'^^ only. We extend his 
result to continuous and smooth cochains. 

1. Local, Cech, Alexander-Spanier and Singular Cochains 

Let A be a topological space and V be an abelian topological group. For each 
open covering il of A and each n e N one can define an open neighbourhood ii[n\ 
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of the diagonal in via 

il[n] := IJ . 

These neighbourhoods of the diagonals in X*^^ form an open simplicial subspace 
of X*~^^ which allows us to consider complexes of cochains defined on them. We 
define abelian groups of n-cochains and continuous n-cochains with values in V: 

V) := {/ : ii[n] V} and A^^ii; V) := C(il[n], V) 

The elements of A" (il; V) and A" (il; V) are called ii-local n-cochains and continuous 
ii-local n-cochains respectively. The abelian groups A^{il;V) and yl"(it;y) form 
cochain complexes with the usual differential given by 

(1.1) df{Uo, . . . , Un+l) ■■= ^(-l)*/(-Uo, . . . , Mi, . . . , Un+l) ■ 



The cohomologies of these complexes are denoted by H{!d;V) and Hc{ii;V) re- 
spectively; they are called the il-local cohomology and the continuous ii-local coho- 
mology. The colimit complex A'^g{X; V) := colimu A*(il; V) where il ranges over 
all open coverings of X is the complex of Alexander-Spanier cochains which com- 
putes the Alexander-Spanier cohomology Has{X\ V) of X. The cohomology of the 
continuous version A\g ^{X;V) := colimu A* (il; F) is the continuous Alexander- 
Spanier cohomology Has,c{X; V) of X. 

We will show (in Section [2]) that the inclusion A* (il; V) ^ A* (il; V) of cochain 
complexes induces an isomorphism in cohomology if il is a covering by cozero sets of 
a generalised partition of unity. For this purpose we consider the Cech- Alexander- 
Spanier double complex C'*(il, A*) for open coverings il = {Ui \ i £ 1} oi X whose 
groups are given by 



C^(il, A') := < / e n ^''iU,„...,^;V) \ Va e 5p : = sign(a)/. 




and whose horizontal and vertical differentials dh, dy on C'''(il, A"^) are given by the 
Cech coboundary operator 5 and (—1)^ times the products of the differentials d of 
the standard complexes A* {Uig,,,ip;V) (cf. Eq. II. ip respectively. The rows of the 
double complex C'P(il, A*) can be augmented by the complex A*{ii;V) of il-local 
cochains and the columns can be augmented by the Cech-complex C* (il; V) for the 
covering il: 
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A^ii; V) > A^) A^) C\ii, A^) — 



V) > (70(11, Ai) (71 (il, (il, ^1) 



y) ^ (70(il, (71 (il, AO) (72 (il, AO) 



(70 (II; V^) (71 (it; y) (it; V) 



We denote the total complex of the double complex (7*(il, A*) by TotC'*(il, A*). 

The augmentations of the rows and columns of the double complex C* (it, A*) induce 
homomorphisms i* : A* {ii-V) TotC'*(ii, A*) and j* : C*{'d;V) TotC'*(il, A*) 
of cochain complexes respectively. 



Lemma 1.1. The homomorphism j* : C*{'d;V) Tot(7*(il, A*) induces an iso- 
morphism in cohomology. 

Proof. The augmented columns of the double complex Tot(7*(it, A*) are exact, 
because the standard complex A*(/7j(,...j^ ; y) of a topological space C/io...i^ is always 
exact. Therefore the augmentation j* induces an isomorphism in cohomology. □ 



The augmented rows A'^(it;A) ^ C*(il, A'^) are also exact; in fact, extending 
every function fia...ip G A'^([/io...jp; V) to Uf^ j_ by requiring it to be zero outside 
^io-.-ip ^® observe: 

Proposition 1.2. For any point finite set {fq^i \ i G 1} of (not necessarily con- 
tinuous) 1,-valued functions on ii\q\ satisfying ^^^Pi = 1 and ^i\ix[q]\u''*^ ~ ^ 
homomorphisms 

(1.2) /if'" : Cf(il, A«) ^ CP-\ii,A'J), hP'%f)i,...ip_, =Y,^q,i ■ fuo...ip.r 

i 

form a row contraction of the augmented row A" (it; A) (7* (it. A"). 

Proof. This is similar to the row contractions of the Cech-deRham complex of a 
manifold using smooth partitions of unity (pi subordinate to it. For any cochain 
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/ e (7^(11; A"^) of bidegree {p, q) the horizontal coboundary of hP-''^{f) computes to 

k=0 

fc=0 i 

- E^-(^)E(-i)'4o...5......_.(^) 

i k=a 

= ^fq^x) [f^„...ipix) - iSf)i^,,...^^{x)] 

i 

hence /i*^' is a row contraction of the augmented row ^''(it; A) ^ (7*(il, A'). □ 

Corollary 1.3. For any open covering il — {Ui \ i £ 1} of a topological space 
X the homomorphism i* : A*(il]V) TotC'*(il, A*) induces an isomorphism in 
cohomology. 

Proof. This follows from the fact that sets {fq^i} of functions as required in Proposi- 
tion [L2] always exist: Well order the index set / and inductively define the functions 

(fq^i to be (fq^i := 1 — ma,x{ipj \ j < i} on Uf^^ and zero on X \ □ 

Corollary 1.4. For any open covering H of a topological space X the Cech cohomol- 
ogy H{ii', V) for the covering il and the cohomology H{il; V) ofH-local cochains are 
isomorphic. Thus the Cech Cohomology H{H;V) can be computed from the complex 
A*(il;V) of H-local cochains. 

Example 1.5. If [/ is an open identity neighbourhood of a topological group G 
then the open covering ilu := {gU \ g G G} of G is left invariant and the Cech 
Cohomology for the covering ilu can be computed from the complex A*(ii; V). 

Passing to the colimit over all open coverings or all numerable open coverings 
yields the classical result: 

Corollary 1.6 (Well known). For any topological space X the Cech cohomology 
H{X;V) and the Alexander- Spanier cohomology HAsi^^y) '^'"'^ isomorphic. The 
same is true for the Cech cohomology w.r.t. numerable coverings and the Alexander- 
Spanier cohomology w.r.t. numerable coverings. 

If we replace the pre-sheaf A'^{—\V) by the pre-sheaf S'^{—\V) of singular q- 
cochains we obtain a double complex (7^(11, S"') for every open cover il of X. The 
rows of this double complex can be augmented by the complex S* (il; V) of cochains 
on il-small singular simplices and the columns can be augmented by the Cech 
complex CP(il, V). However the augmented columns need not be exact; this only 
happens if each open set Uig,,,ip is l^-acyclic, (i.e. it has trivial reduced singular 
cohomology with coefficients V), e.g. if each open set Uig,,,ip is contractible. 

Lemma 1.7. For any open covering H — {Ui | z G /} of X for which the sets Ui„,,,i^ 
are V -acyclic the Cech cohomology H(ii; V) for the covering il and the singular 
cohomology Hsing{X;V) are isomorphic. In particular the Cech cohomology does 
not depend on the open cover subject to the acyclicity condition chosen. 
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Proof. If each reduced singular cohoniology Hsing{UiQ...ip]V) is trivial then the 
augmented columns of the double complex (7^(11, S'^) are exact. Proceeding as for 
local cochains yields an isomorphism V)) = H{*ii\ V). The cohomology of 

the complex V) is the singular cohomology Hsi„g{X; V) oi X. □ 

Example 1.8. If il is a 'good' cover of a topological space X then the Cech 
cohomology (it; V) for the covering it is isomorphic to the singular cohomology 
H,,„g{X;V) oiX. 

Example 1.9. If it is an open covering of a finite dimensional Riemannian manifold 
M by geodetically convex sets, then the Cech cohomology ^(it; V) for the covering 
it is isomorphic to the singular cohomology Hsing{M\ V) of M . If M is an infinite 
dimensional Riemannian manifold one has to require the local existence of geodesies 
for this argument to be applicable. 

Example 1.10. If G is a Hilbert Lie group (i.e. a Lie group whose model space is a 
Hilbert spac^, and U a geodetically convex identity neighbourhood of G, then the 
the Cech cohomology H{U.u', V) for the covering iiu := {gU \ g G G} is isomorphic 
to the singular cohomology Hsing{G\ V) of G. 

In this case the singular and il-local cohomologies also coincide. We assert that 
this isomorphism is induced by a natural morphism A* : A* (it; V) — > S* (X, il; V) of 
cochain complexes whose construction we briefly recall: Consider the singular semi- 
simplicial space C{A,X) of X and the vertex morphism Ax : G(Z\,X) — > 
of semi-simplicial spaces, which assigns to each singular n-simplex r : Z\" — >■ X 
its ordered set of vertices (T(eo), . . . , T(e„)). This morphism A induces a morphism 
C[\*^, V) : A*(il; V) ^ S'*(X,il; V) of cochain complexes. 

Proposition 1.11. For any open covering ii = {Ui | i G /} of X for which the sets 
Ui„...ip cife V-acyclic the morphism C{X'^,V) : A*{iX;V) — ^ S*{X,ii;V) induces an 
isomorphism H{U; V) = Hsing{X; V) in cohomology. In particular the Cech and il- 
local cohomology do not depend on the open cover subject to the acyclicity condition 
chosen. 

Proof. Let it be an open covering of X satisfying Hsing{Uig...ip',V) — for all 
iQ...ip e /. The morphism Xx '■ C{A,X) — > X*^^ of semi-simplicial not only 
induces a morphism G(Af(, V) : A* (it; V) S*{X,ii; V) of cochain complexes but 
also a morphism G*(it; G(A*; F)) : G*(il;yl*) -> C'*(il;S'*) of double complexes. 
The morphisms G(Ay, and C*{ii; G(A*; V)) intertwine the augmentations of the 
double complexes G*(it; A*) and G*(U; S*), leading to the commutative diagram 

A* (il; V) — ^ TotG* (il. A* ) ^ G(it; V) 

I 

C{\u:V) C*(U;C(A*;V)) 

^*(it; V) — ^ TotG* (it, S*) ^ G(it; V) 

of cochain complexes, in which all but the left downward morphisms induce isomor- 
phisms in cohomology. Thus the morphism C{Xtx, V) : A*{!d; V) S*{X,ii; V) of 
cochain complexes induces an isomorphism in cohomology as well. □ 



-'^We do not restrict ourselves to finite dimensional Lie groups. 
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Corollary 1.12. For any open covering il — {Ui | i G /} of X for which the sets 
Uio...ip 0,1"^ V-acyclic the singular cohomology of X and the Cech cohomology for 
the covering can be computed from the complex A*[\i\V) of il-local cochains. 

Example 1.13. For any good covering il of a topological space X the morphism 
C(AJ^, V) : V) — ?> S'*(X,il; V) of cochain complexes induces an isomorphism 

in cohomology and the cohomologies H{\i\V), H{'ii\V) and Hsing{X\V) are iso- 
morphic. 

Lemma 1.14. // the open coverings il a topological space X for which the sets 
Uig...ip are V-acyclic are cofinal in all open coverings, then for each such covering \i 
the Cech cohomology H{ld; V) for the covering U coincides with the Cech cohomology 
H{X;V) of X and the cohomology H{U;V) of il- local cochains coincides with the 
Alexander- Spanier cohomology Has{X] ^) of X . In particular the systems H(ii; V) 
and H(ii; V) of abelian groups are co-Mittag-Leffier. 

Proof. If the open coverings il satisfying HsingiUig...ip', V) — for all zq . . . «p G / 
of a space X are cofinal in all open coverings, then the Alexander-Spanier and 
Cech cohomologies of X can be computed as the colimit over all such open covers 
il, hence Has{X;V) = colimu i7(il; = colimu = Hs^ng{X;V) and 

H{X;V) = colimu H{il; V) = cohmy Hsing[X] V) — Hsing{X] V), where the colim- 
its are taken over all open coverings il subject to the condition Hsing(Uig...ij, ; V) = 
for all io . . .ip E I. □ 

Example 1.15. Every covering of a finite dimensional Riemannian manifold M 
admits an open refinement il by geodetically convex sets. Thus for any open cov- 
ering il of a finite dimensional Riemannian manifold M by geodetically convex sets 
the cohomology of the complexes A* (il; V) and C* (il; V) are isomorphic to the 
Alexander-Spanier, Cech and singular cohomologies of M. If M is an infinite di- 
mensional Riemannian manifold one has to require the local existence of geodesies 
for this argument to be applicable. 

Example 1.16. If G is a Hilbert Lie group and U a geodetically convex identity 
neighbourhood of G, then then the cohomology of the complexes A*{iiij;V) and 
C'*(il; V) are both isomorphic to Has{G; V), H{!d; V) and Hs„rg{G; V). 

For some topological spaces the acyclicity condition on the covering il is not 
necessary to obtain similar results. For topological groups one can also consider 
the complexes cohm^/g^ij A*['iXu; V) and cohm^/gjij A* ['iXu; V), where U ranges over 
all open identity neighbourhoods of G. For these colimit complexes we observe: 

Theorem 1.17. For any locally contractible topological group G with open identity 
neighbourhood filterbase lAi the morphisms C(A^^,t^) : A*{Uir;V) — )■ S'*(il;t^) 
induce an isomorphism colimf/g^Yj H(ilij; V) = Hsing{X; V) in cohomology and the 
cohomologies colim^/giYj H{idu; V), colimyg^^^ H{!du; V), and H sing (G; V) coincide. 

Proof. The first statement has been shown by van Est in |vE62) . The other iso- 
morphisms then are a consequence of Corollary 11.41 □ 

Corollary 1.18. For Lie groups G with open identity neighbourhood filterbase lAi 
the cohomologies coYiuyu^k-^ H{'d.u]V), coWrau gj-^ H{'d.u;V) and Hsing{G]V) are 
isomorphic and the isomorphism colimygj^^ iJc(il;7; 1^) — Hsing{G;V) is induced 
by the vertex morphism A. 
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2. Continuous Local Cochains 

The preceding observations can - in parts - be generalised for continuous cochains. 
Replacing the pre-sheaf A'^{—; V) of g-cochains by the pre-sheaf A1{—; V) of con- 
tinuous g-cochains we obtain a sub double complex (7* (it, A*) of C*{il,A*) whose 
groups are given by 

CP{ii, Al) := {/ e CP{H, A«) I Vzo, . . . e / : £ CiUf+^'V)} • 

The rows of this sub double complex C*{ii,A*) can be augmented by the complex 
A*{U.; V) of continuous il- local cochains and the columns can be augmented by the 
Cech-complex C* (il; V) for the covering il. These augmentations induce homomor- 
phisms il : Al{il;V) TotC* (il, A^) and j * : C*{ii;V) -> TotC*(il,A*) ofcochain 
complexes respectively. 

Lemma 2.1. The homomorphism j* : C*{H;V) — )■ TotC'*(il, A*) induces an iso- 
morphism in cohomology. 

Proof. The proof is analogous to that of Lemma 11.11 □ 

To obtain exact rows in the double complex C*{ii,A*) we impose a restriction 
on the coefficient group V. For modules V over some unital topological ring R one 
can replace the set {fq,i} of functions in Proposition 1 1 . 2 1 bv generalised partitions 
of unity to obtain results analogous to those in Section [Tl as will be shown below. 
In the following the coefficients V will always be a topological module over a unital 
topological ring R. (Different coefficient groups are considered in the next section.) 

Definition 2.2. A generalised R-valued partition of unity {ipi \ i E 1} on a topolog- 
ical space X is a set of continuous functions cpi : X R which satisfies the equation 
X^iG/ Vi — '^^ An R-valued partition of unity {(pi | i G /} on a topological space X 
is a generalised i?- valued partition of unity whose supports supp</3i = ^~^{R \ {0}) 
form a locally finite covering of X. 

Remark 2.3. For i? = R one can always replace the functions Lpi by positive ones 
with the same zero set (cf . Lemma lA.Sp . 

For any i?-valued partition of unity {Lpqs | i G /} subordinate to the open 
covering {Ul^^^ | i £ /} of il[(7] and continuous cochain / G (^^(il; A^) the products 
^q,ifiio...ip^i have supports in the open sets U^^^^ respectively. Therefore they can 
be continuously extended to C/j^^\ _^ by defining it to be zero outside U^^^ ^ 
Understanding each function (pq^ifiio...ip-g to be extended this way we define a 
homotopy operator for continuous cochains: 

Proposition 2.4. For any R-valued partition of unity {(pqj | i G /} subordinate to 
the covering {Uf^^ | i G /} of iX[q] the homomorphisms 

(2.1) h^^'i : C^{iX,A^) ^ CP-i(il,A''), h^^'>{f),„...,^_, ^Y.^q^^ ' /"o....... 

i 

form a row contraction of the augmented row A^{'d.] V) ^ C*(il, A'*) which restricts 
to a row contraction of the augmented sub-row A^(il; V) ^ C'*(il, A1). 
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Proof. By Proposition 11.21 the maps h^''^ form a row contraction of the augmented 
row A'^{ii.;V) C*{!d,A'^). In addition they map continuous cochains to con- 
tinuous cochains by construction, hence they restrict to a row contraction of the 
augmented sub-row A? iU;V) ^ C* (il, A« ) . □ 

Definition 2.5. A covering il of a topological space X is called i?-numerable, if 
there exists an i?- valued partition of unity subordinate to il. 

Corollary 2.6. For any open covering il — {Ui | i G /} of a topological space X for 
which the coverings {U^^^ | i £ /} o/ the spaces \i[q\ are R-numerable the homo- 
morphism i* : ^*(il; V^) — J> TotC*(il, A*) induces an isomorphism in cohomology. 

Theorem 2.7. For any open covering H of a topological space X for which each 
covering {Uf^^ | i e /} of ii[q\ is R-numerable the inclusion A*{iX; V) ^ A*(il; V) 
induces an isomorphism in cohomology and the cohomologies H{ii;V), Hc{ii;V) 
and -ff (il; V) are isomorphic. 

Proof The inclusions ^^(il; V) ^ A{ii; V) and TotC'*(il; A*) ^ TotC*(il; A*) in- 
tertwine the augmentations i* and i*. Thus one obtains the following commutative 
diagram 

Al (il; V) ^ Tote* (il, A*) 4^ C(il; V) 

^*(il; V) U TotC'*(il, A*) ^ C(il; V) 

where the horizontal arrows are induced by the augmentations and the vertical ar- 
rows are induced by inclusion. The homomorphisms j* and j* induces isomorphisms 
in cohomology by Lemmata 11.11 and 12.11 The homomorphisms i* always induces 
an isomorphism as observed in Corollarv 11.31 If the open coverings {U^~^^ \ i G 1} 
of the spaces ii[q] are i?-numerable, then the homomorphism i* also induces an 
isomorphism in cohomology by Corollary 12.61 All in all we obtain the following 
commutative diagram 

H,{U; V) 1 if (Tote* (il. A*)) t ^(ii; V) 



H{iX; V) > H{TotC* (il. A*)) t i? (il; V) 

in which all horizontal arrows and the right vertical arrow are isomorphisms. This 
forces the homomorphism i?c(il; V) — ?> -ff(il; V) induced by inclusion to be an iso- 
morphism as well. □ 

In this case the Cech Cohomology i? (il; V) for the covering il of X can be either 
computed from the complex A* (il; V) of continuous il-local cochains or from from 
the complex A*{ii; V) of il-local cochains. 

Corollary 2.8. For R — R, any generalised partition of unity {(pi \ i £ 1} on X 
and a :— {ip~^{R\ {0}) \ i G 1} the inclusion A*{H-,V) ^ A*{ii;V) induces an 
isomorphism in cohomology and the cohomologies H{U;V), Hc{H;V) and H{U;V) 
are isomorphic. 
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Proof. In view of Theorem 12. 71 it suffices to show that the coverings {U'j'^^ | i G /} 
of the spaces ii[q] are numerable. On each space il[q] we can (by Lemmata lA.4l and 
lA.Sp define non-negative continuous functions ipq,i and tpq via 

(Pq:ii[q]->R ipq{x) ^^lpq^^{x) . 

i 

Since the functions ipq are strictly non-zero on U[q], the set {(p'^^ipq^i | i G /} is a 
generalised partition of unity with cozero sets {C/f^^ | i G /}. Therefore the open 
covering {U^'^^ | i G /} of U[q] is numerable. □ 

The colimit over all i?- numerable coverings il is called the Alexander- Spanier co- 
homology w.r.t R-numerable coverings. Passing to the colimit over all i?- numerable 
covers we observe: 

Corollary 2.9. The cohomologies H{X;V), HasA^^V) and Has{X;V) of a 
topological space X w.r.t. R-numerable coverings are isomorphic. 

Calling a topological space R-paracompact, if every open covering il of X admits 
an i?-valued partition of unity subordinate to il we also note: 

Corollary 2.10. The cohomologies H{X;V), HasA^'-^V) and Has{X;V) of an 
R-paracompact topological space X are isomorphic. 

These observations can especially be applied to uniform spaces (e.g. topological 
groups) X with open coverings of the form iiu := {U[x] \ x G X}, where U is an 
open entourage of the diagonal m X x X. 

Proposition 2.11. If d : X x X ^ R is a continuous pseudometric on X and V 
a real vector space, then for each e > and covering il = {Bd{x, e) | a; G X} of 
X by open e-balls the inclusion A*{^',V) ^ A*{H]V) induces an isomorphism in 
cohomology and the cohomologies H{H; V), Hc{ii', V) and H{H; V) are isomorphic. 

Proof. Let d : X x X ^ M. he a continuous pseudometric on X and F be a real 
vector space. By |Seg70[ Proposition B2] there exists a generalised partition of unity 
{ipx I X G X} on X satisfying (p^^{{0, 1]) = Bd{x, e), so Corollary 12.81 applies. □ 

Example 2.12. If il = {B{x, e) | a; G X} is an open covering of a finite dimensional 
Riemannian manifold M by open e-balls and V a real topological vector space, then 
the cohomology Hc{ii;V) of the complex A*{ii;V) is isomorphic to cohomology 
iJ(il; V) and to the Cech and singular cohomologies of M (cf. Ex Il.lSp . If M is an 
infinite dimensional Riemannian manifold one has to require the local existence of 
geodesies. 

Corollary 2.13. For any open entourage U of a uniform space X and real topolog- 
ical vector space V the inclusion A* (iiu; V) ^ A*{Uu; V) induces an isomorphism 
in cohomology and the cohomologies H{Uij;V), HdiiuiV) and H{ilu]V) are iso- 
morphic. 

Proof. This follows from Corollary 12.111 and the fact that open entourages of uni- 
form spaces are always of the form U = d^^([0,l)) for a continuous pseudometric 
du : X X X -^R (cf. |Seg70| Proposition B.2]). □ 
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A particular interesting case are topological groups with open coverings of the 
form ilu :~ {gU \ g £ G}, where U is an open identity neighbourhood in G. 
Here the complexes A* (il; V) and A* (it; V) are sometimes called the complexes of 
continuous U -local cochains and U -local cochains. For this special case we observe: 

Corollary 2.14. For any open identity neighbourhood U of a topological group 
G and any real topological vector space V the inclusion A*^{'du]V) ^ A* {Hi/;V) 
induces an isomorphism in cohomology and the cohomologies H{Hu; V), Hc{ilu', V) 
and H(iiu; V) are isomorphic. 

Combining these results with those concerning singular cohomology (obtained 
in Section [T]) we observe: 

Proposition 2.15. For any open covering H of a topological space X for which each 
set Uig,,,ip is V -acyclic and each covering {U^^^ \ i € 1} of H[q] is R-numerable 
the homomorphism C(A^,V^) : A*{U;V) — ?> S*{X,ii;V) induces an isomorphism 
Hc{!d] V) = Hsing{X] V) in cohomology and the following diagram is commutative: 

V) I' ) (it; V) ^^V^ 'iJ (il; V) 



H{C(Xl,;V)) 



H(C(A-;y)) 



H,,„3(it; V) = Hs^ngiiX; V) H{ii; V) 

fT{j) H(i) 

In particular the Cech and the continuous U-local cohomology do not depend on the 
open cover il subject to the above conditions chosen. 

Corollary 2.16. For any open covering U of a topological space X for which each 
set Uig...ip is V -acyclic and each covering {U^^^ | i G /} o/ il[q] is R-numerable 
the singular cohomology Hsing{X;V) and the Cech cohomology H{!d]V) for the 
covering il can be computed from the complex A*{ii;V) of U-local cochains. 

Example 2.17. For any 'good' cover il of a topological space X for which each cov- 
ering {[/«+^ lie/} of il[g] is /^-numerable the morphism A*(il; V) S*{X,il; V) 
of cochain complexes induces an isomorphism in cohomology and the cohomologies 
i7(il; V), H{iX; V), Hdii; V) and H,^ng{X; V) are isomorphic. 

Lemma 2.18. // the open coverings U of a topological space X for which the sets 
Uif,...ip cife V -acyclic and each covering {U^^^ | i G /} o/il[q'] is R-numerable are 
cofinal in all open coverings, then for each such covering il the the cohomology 
Hc{!d] V) of continuous ii-local cochains coincides with the continuous Alexander- 
Spanier cohomology Has,c{X] V) of X. In particular the directed .system Hc{!d; V) 
of abelian groups is co-Mittag-Leffter. 

Proof. In this case the (continuous) Alexander-Spanier cohomology can be com- 
puted as the colimit over this cofinal set of open coverings il. Proposition 12.151 
shows the isomorphisms Hdii; V) = i?(il; V) = HsmgiX; V) for every covering il 
in this cofinal set; this implies the isomorphism Has,c{X; V) = IIas{X\ of the 
colimit groups. It also shows that the directed systems i?c(it; V) and i/(il; V) are 
co-Mittag-Leffier. □ 

Example 2.19. If il is an open covering of a finite dimensional Riemannian man- 
ifold M by geodetically convex sets, then the cohomology of the complex A*(il; V) 
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is isomorphic to the Ccch cohomology H{ii; V) and to the singular cohomology 
Hsing{M; V) of M. If M is an infinite dimensional Riemannian manifold one has 
to require the local existence of geodesies for this argument to be applicable. 

Example 2.20. If G is a Hilbert Lie group and U a geodetically convex identity 
neighbourhood of G, then the cohomology of the complex V) is isomorphic 

to Cech cohomology H{U.; V) and to the singular cohomology Hsing{M; V) of M. 

As observed before, one can obtain a similar result for locally contractible topo- 
logical groups without acyclicity condition on the open coverings: 

Theorem 2.21. For any locally contractible group G with open neighbourhood fil- 
terbase lAi and real vector space V the morphisms A*^{'dij]V) ^ A* {!dij]V) and 
C(A^^, V) : V) — > V) for all U gUi induce isomorphisms 

colim^ewi Hc{iiu] V) = coliuiueUi H{ilu] V) = Hsing{G; V) . 
in cohomology. 

Proof. The first statement is a consequence of Corollary 12.141 The other isomor- 
phisms follow from Theorem 1 1.1 71 □ 

Corollary 2.22. For Lie groups G with open identity neighbourhood filter lAi and 
real vector space V the cohomologies colimueUi Hci^u',V), colimueUi Hi^u',V), 
colimjj (zii^ H{idu]V) and Hsing(G;V) coincide. 

3. Continuous Local Cochains on /c-Spaces 

For compactly HausdorfF generated spaces X one can use abelian fc-groups V as 
coefficients and work in the subcategory kTop of compactly Hausdorff generated 
spaces only. The proofs presented in Section[2]carry over and one obtains analogous 
results for fc-spaces and fc-modules. In the following we work out the details. (The 
properties of fc-spaces used here can be found in the appendix.) 

Let X be a fc-space and y be a fc-group which is a module (in kTop) over a 
fc-ring R. For each open covering il :— {Ui \ i G /} of X the spaces are 
open subspaces of Because the coreflector k : Top — Top preserves open 

embeddings (Lemma lB.12[) the corresponding fc-spaces ldX[g] form an open simplicial 
subspace of the simplicial fc-space kX'?+^; this allows us to define a cosimplicial 
abelian of continuous n-cochains with values in V: 

AU^- V) :=C(kil, V) 

The cohomology of the associated cochain complex A*f^^{'d; V) is denoted by iffec(il; V) 
Since each fc-space ^Ul'^^ is an open subspace of X''^^, we can consider the 
presheafs Al^{-;V) := C(k(-P),F) and the sub double complex C*{^,Al^) of 
C*{il,A*) of C'*(il,A*). The rows of this sub double complex C'*(il,A*J can 
be augmented by the complex A^^(il;y) of continuous U- local cochains and the 
columns can be augmented by the Cech-complex C*{'iX\V) for the covering il. 
These augmentations induce homomorphisms i\^ : A^^(il;F) TotC'*(U, A^^) 
and jl^ : C'*(il; V) TotC'*(il, Al^) of cochain complexes respectively. 

Lemma 3.1. The homomorphism j* : G*{ii;V) — TotC'*(il, A*) induces an iso- 
morphism in cohomology. 



Proof. The proof is analogous to that of Lemma 11.11 



□ 
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In the following the coefficients V will always be a /c-module over a unital fc-ring 
R. (Different coefficient groups are considered in Section [H) 

Proposition 3.2. For any R-valued partition of unity {ipqj \ i & 1} subordinate to 
the covering [kUf^^ | i G /} of kiX[q] the homomorphisms 

(3.1) hP'-^ : (7^'(il,A^) ^ (7^^-1(11, A^), /i^^n/).o....p-i =^2^"^^ ■ /"o--.- 

i 

form a row contraction of the augmented row A'^{ii; V) ^ C*(il, A'') which restricts 
to a row contraction of the augmented sub-row Al^{U; V) ^ C*(il, A^^). 

Proof. The proof is analogous to that of Proposition [231 D 

Corollary 3.3. For any open covering IX — {Ui \ i £ 1} of a k-space X for which the 
coverings {k[//+^ \ iel} of the k -spaces ii[q\ are R-numerable the homomorphism 
*fec • ^fcc('^'^) ~^ TotC'*(il, A^.^) induces an isomorphism in cohomology. 

Theorem 3.4. For any open covering H of a k-space X for which each covering 
{kL/^+^ \ i e 1} ofkil[q] is R-numerahle the inclusion A^^(ll;t/) A*{'d;V) 
induces an isomorphism in cohomology and the cohomologies H{il;V), Hkc{^',V) 
and H(ii; V) are isomorphic. 

Proof. The proof is analogous to that of Theorem 12.71 □ 

In this case the Cech Cohomology H{ii; V) for the covering il of X can be either 
computed from the complex A^^ (il; V) of continuous il- local cochains or from from 
the complex A*(il; V) of il-local cochains. 

Corollary 3.5. // the ring R is a complete k-field, {ipi \ i Cz 1} a generalised R- 
valued partition of unity on X and il := {(p^ {R \ {0}) | i £ /} then the inclusion 
A*{iX; V) A*{ii; V) induces an isomorphism in cohomology and the cohomologies 
H{iL; V), Hkc{^', V) and H(ii] V) are isomorphic. 

If the products in Top are already compactly Hausdorff generated, then 

the open subspaces il[q] also are fc-spaces. This in particular happens if X is 
a metric space, locally compact or a Hausdorff fc^j-space (cf. Lemma IC.7|) . In 
this case the diagonal neighbourhoods of the form il[q\ are cofinal in all diagonal 
neighbourhoods and the colimit colimiJfcc(ii; V) over all i?- numerable coverings il 
is called the Alexander- Spanier cohomology w.r.t R-numerable coverings. 

Corollary 3.6. For metric, locally compact or Hausdorff k^j-spaces X the coho- 
mologies H{X; V), HAS,kc{X; V) and Has{X] ^) w.r.t. R-numerable coverings are 
isomorphic. 

Example 3.7. Real and complex Kac- Moody groups are Hausdorff fc^^-spaces 
(cf. |GGH06j ). Thus for real or complex Kac-Moody groups G the cohomologies 
H{G;V), HAs,kci^i^) Has{G;V) w.r.t. i?-numerable coverings are isomor- 
phic. 

Corollary 3.8. The cohomologies H{X]V), HasM^'^^) and Has{X;V) of a 
metric, paracompact and locally compact or paracompact Hausdorff ki^-space X are 
isomorphic. 

Example 3.9. For metrisable manifolds M and real fc-modules V the cohomologies 
H{M;V), HasM^'-: V) and Has{M; V) are isomorphic. 
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Proposition 3.10. If d : X x X ^ R is a continuous pseudometric on X and V a 
real k-module then for each e > and covering il — {Bd{x, e) | a; G X} of X by open 
e-halls the inclusion V) > V) induces an isomorphism in cohomology 

and the cohomologies H{il; V), Hkd^', V) and H(ii] V) are isomorphic. 

Proof. The proof is analogous to that of Proposition 12. 11 1 □ 

Example 3.11. If il = {B{x, e) | x G X} is an open covering of a finite dimensional 
Riemannian manifold M by open e-balls and V a real fc-module, then the coho- 
mology Hkc{ii', V) of the complex Al^il; V) is isomorphic to cohomology V) 
and to the Cech and singular cohomologies of M (cf. Ex. 11.151) . If M is an in- 
finite dimensional Riemannian manifold one has to require the local existence of 
geodesies. 

Corollary 3.12. For any open entourage U of a uniform k- space X and real It- 
module V the inclusion ^^^(itjj; V) ^ A*{\iu] V) induces an isomorphism in coho- 
mology and the cohomologies H(ilu; V), H^ci'^u'i ^) ^.^d H{iiu', V) are isomorphic. 

A particular interesting case are compactly Hausdorff generated topological groups 
G. For such groups and fc-modules V over the fc-ring R we observe: 

Corollary 3.13. For any open I -neighbourhood U of a compactly Hausdorff gener- 
ated topological group G and real k-module V the inclusion A^^(it(7; V) ^ A*{iiij\ V) 
induces an isomorphism in cohomology and the cohomologies H{iiu; V), Hdiiu', V) 
and H(iiu;V) are isomorphic. 

This especially applies to all metric groups, all locally compact groups and all 
topological groups which are Hausdorff fc^-spaces: 

Example 3.14. For any Hilbert Lie group, real or complex Kac- Moody group G 
and real /c- module V the inclusion A^.^(ilc/;F) ^ A*{iiu;V) induces an isomor- 
phism in cohomology and the cohomologies H{Llu',V), Hc{iiu',V) and H{U.u;V) 
are isomorphic. 

Proposition 3.15. For any open covering ii of a k-space X for which each set 
Uig...ip is V -acyclic and each covering {\dj^^^ \ i 1} of ldl[g] is R-numerable 
the homomorphism C{X'^,V) : A^^(U;T^) — > S*{X,U;V) induces an isomorphism 
Hkci^', V) = Hsing{X; V) in cohomology and the following diagram is commutative: 

V) 'J ) if (il; V) ^^V^ 'iJ(il; V) 



H{C{\:y,V)) 



i/,,„,(il; V) = Hs^nM y\ ^H{!d; V) 

ir(j) Hit) 

In particular the Cech and the continuous U-local cohomology do not depend on the 
open cover il subject to the above conditions chosen. 

Corollary 3.16. For any open covering il of a k-space X for which each set Uig,,,ip 
is V -acyclic and each covering {\dJ^^^ | « S /} of]<Si[q] is R-numerable the singular 
cohomology Hsing{X; V) and the Cech cohomology i?(il; V) for the covering il can 
be computed from the complex A^^(il; V) of continuous ii-local cochains. 
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Example 3.17. For any 'good' cover H of a fc-space X for which each covermg 
{\dJ^^^ I i G /} of m[q] is i?-numcrable the morphism A*^(lt; V^) -> 
of cochain complexes induces an isomorphism in cohomology and the cohomologies 
V), H{iX; V), HkdiX; V) and H,,ng{X; V) are isomorphic. 

Lemma 3.18. IJ X is a k-space and the diagonal neighbourhoods ii[q\ for open 
coverings il for which the sets Uig,,,ij, are V -acyclic and each covering {\dJf'^ \ 
i G 1} of kil[(7] is R-numerable are cofinal in all diagonal neighbourhoods, then 
for each such covering il the cohomology i?fec(il;F) of continuous ii-local cochains 
coincides with the continuous Alexander- Spanier cohomology HAS,kc{-^j^) of X . 
In particular the directed system Hkci^'iV) of abelian groups is co-Mittag-Leffier. 

Example 3.19. If il is an open covering of a finite dimensional Riemannian mani- 
fold M by geodetically convex sets, then the cohomology of the complex ^^^.(il; V) 
is isomorphic to the Cech cohomology i?(il; V) and to the singular cohomology 
Hsing{M; V) of M. If M is an infinite dimensional Riemannian manifold one has 
to require the local existence of geodesies for this argument to be applicable. 

Example 3.20. If G is a Hilbert Lie group and U a geodetically convex identity 
neighbourhood of G, then the cohomology of the complex A^^(il[/; V) is isomorphic 
to Cech cohomology H{ii.; V) and to the singular cohomology Hsing{M; V) of M. 

One obtains a similar result for locally contractible compactly Hausdorff gener- 
ated topological groups without acyclicity condition on the open coverings: 

Theorem 3.21. For any locally contractible compactly Hausdorff generated group 
G with open neighbourhood filterbase Ui for which all finite products G^+^ are It- 
spaces and any real k-module V the morphisms A'^^{iiij;V) ^ A*{ilu;V) and 
G(Ay^, V) : Al^{iXu; V) — > S*{iXu', V) for all U ^Ui induce isomorphisms 

co\\mueUi Hud'^u] V) = co\\mu^Ui H{iXu-, V) = Hsing{G; V) . 
in cohomology. 

Corollary 3.22. For metrisable Lie groups G with open identity neighbourhood fil- 
ter Ui and real k-modules V the cohomologies colimj/gi^/^ Hkd^u] V), colimf/gj^i H(iii 
colimj/giYi H{iiij, V) and Hsing{G; V) coincide. 

4. Smooth Local Cochains 

We use the differential calculus over general base fields and rings presented in 
|BGN04j and assume that the ring i? to be a smooth manifold with smooth addition 
and multiplication. For an open covering il of a (possibly infinite dimensional) dif- 
ferential manifold M and abelian Lie groups V which are smooth i?-modules one can 
consider the complex A*{ii; V) = (7°° (il[*] , of smooth il-local cochains. Replac- 
ing the pre-sheaf A'^{—; V) of g-cochains by the pre-sheaf (— ; V) = G°°(— V) of 
smooth q-cochains we obtain a sub double complex C'*(il, A*) of C'*(il, A*) whose 
groups are given by 

Cd^,Al) := {f eCP{ii,A'')\y^o,...^pGI : f.,...^^ GG^{Ul+',^^;V)} . 

The rows of this sub double complex C'*(il, A*) can be augmented by the complex 
Al (il; V) of smooth il-local cochains and the columns can be augmented by the 
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Cech-complex C* (il; V) for the covering il. These augmentations induce homonior- 
phisms i * : A* (il; V) ^ TotC* (il, A*^ ) and ^ : C* (it; V) TotC* (il, A* ) of cochain 
complexes respectively. 

Lemma 4.1. The homomorphism j* : C*{ii;V) — )■ TotC'*(il, A*) induces an iso- 
morphism in cohomology. 

Proof. The proof is analogous to that of Lemma 11.11 □ 

Replacing continuity by smoothness, i?-paracompactness by smooth i?-paracom- 
pactness in the discussion in Section [2] yields: 

Proposition 4.2. For any smooth R- valued partition of unity {ipq^i \ i £ 1} subor- 
dinate to the covering {Uj'^^ | i G /} o/il[(7] the homomorphisms 

(4.1) HP-' : CP{H,A'i) ^ CP-i(il, (/),„....,„, = E'^?.» ' /"o-v-i 

i 

form a row contraction of the augmented row A'(il; V^) ^ C* (il, A'^) which restricts 
to a row contraction of the augmented sub-row ^^(il; V) C'*(il, A].). 

Proof. The proof is analogous to that of Proposition 12.41 □ 

Corollary 4.3. For any open covering il = {Ui | i £ /} of a manifold M for which 
the coverings {U^^ | « G /} o/ the manifolds il[g] are smoothly R-numerahle the 
homomorphism i* : A*(il; V) — > TotC*(il, A*) induces an isomorphism in cohomol- 
ogy- 

Theorem 4.4. For any open covering il of a manifold M for which each covering 
{U^^^ I i e /} o/il[g] is smoothly R-numerable the inclusion A*(il; V) ^ A*(il; V) 
induces an isomorphism in cohomology and the cohomologies H{'d.]V), Hs{'d.]V), 
Hc{ii; V) and H(ii; V) are isomorphic. 

Proof. The proof is analogous to that of Theorem 12.71 □ 

In this case the Cech Cohomology -ff(il; V) for the covering il of X can be either 
computed from the complex A*(il;y) of smooth il-local cochains, the complex 
Al{U.;V) of continuous il-local cochains or from from the complex A*{ii;V) of 
il-local cochains. 

Corollary 4.5. For any smooth R-valued partition of unity {ipi \ i £ 1} on AI 
and fd := {ip~^{R\{Q}) | i G /} the inclusion A*(il;F) ^ A*(iX]V) induces an 
isomorphism in cohomology and the cohomologies H{il; V), Hs{il; V), Hc{ii', V) and 
-ff (il; V) are isomorphic. 

Proof. The proof is analogous to the proof of Corollary 12.81 where the requirement 
of local finiteness guarantees the smoothness of the functions ipq. □ 

For the ring i? = R of reals we obtain a more general version: 

Corollary 4.6. For R ~ R, any smooth generalised partition of unity {ipi \ i G 1} 
on M and il := {ip^^{R \ {0}) \ i & 1} the inclusion A*{il; V) ^ A*(il; V) induces 
an isomorphism in cohomology and the cohomologies iJ(il; V), Hs{iX; V), i?c (il; V) 
and H(ii] V) are isomorphic. 
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Proof. In view of Theorem 14.41 it suffices to show that the coverings {C/^^^ | i G /} 
of the manifolds H[q\ are smoothly numerable. The smooth functions ifi-^^...Ag given 
by <Pio, ("^) ■= ^ii ("^o) ■ ■ • Vi, {mq)i ■ ■ • , «g € / form a generalised partition 
of unity of M''+^. By Lemma fA. 51 there exist there exist non- negative smooth real 
functions {'fiiQ,....ig.n \ io, ■ ■ ■ iq I , n E N} such that for all rt G N 

(1) the collection {supp(^j,j | i E 7'^+^} refines {Ui„ x ■ ■ ■ x Ui^ \ io, . . . ,iq & I}, 

(2) the collection {supp(^|'jj | i E 7'^+^} of supports is locally finite, 

and such that that for for fixed i E /"J+i the supports of (/j^^^, n e N exhaust the 
open set Uig x • ■ • x Ui^. An application of Proposition lATBl to the set \ i E 1} 

of smooth functions shows that the covering {C/f+^ lie/} of it[g] is numerable. □ 

The colimit Has,s{M; V) :— colimi/(it; V) over all smoothly i?-numerable cov- 
erings it is called the Alexander- Spanier cohomology w.r.t smoothly R-numerable 
coverings. Passing to the colimit over all smoothly i?-numerable covers we observe: 

Corollary 4.7. The cohomologies H{M;V), HasAM;V) and Has{M;V) of a 
manifold M w.r.t. smoothly R-numerable coverings are isomorphic. 

Calling a manifold smoothly R-paracompact, if every open covering Hof X admits 
a smooth i?-valued partition of unity subordinate to il we also note: 

Corollary 4.8. The cohomologies H{M;V), HAs,siM;V) and Has{M;V) of a 
smoothly R-paracompact manifold M are isomorphic. 

Example 4.9. If il is an open covering of a Ricmannian manifold AI and V a real 
topological vector space, then the cohomology i/s (il; V) of the complex A* (it; V) is 
isomorphic to cohomology -ff (il; V). If the open sets U E il are geodsically convex 
then these cohomologies are also isomorphic to the Cech and singular cohomologies 
of M (cf . Ex I1.15P . (If M is an infinite dimensional Riemannian manifold one has 
to require the local existence of geodesies.) 

A particular interesting case are Lie groups with open coverings of the form 
■— {gU I g E G}, where U is an open identity neighbourhood in G. Here the 
complex ^s(il; V) is sometimes called the complex of smooth U -local cochains. For 
this special case we observe: 

Corollary 4.10. For any open identity neighbourhood U of a smoothly paracompact 
Lie group G and any real TVS V the inclusion A*{\iu] V) ^ A*{!ilu', V) induces an 
isomorphism in cohomology and the cohomologies i/ (il^/; V), Ha{iiu] V), Hc{iiu', V) 
and H{Hu;V) are isomorphic. 

Combining these results with those concerning singular cohomology we observe: 

Proposition 4.11. For any open covering iX of a smooth manifold M for which 
each set Ui„,,,i^ is V -acyclic and each covering {U^'^^ \ i E 1} of H[q\ is smoothly 
R-numerable the homomorphism ^*(il;T^) — > S*(il;V) induces an isomorphism 
Hg(ii; V) = Haing{X; V) in cohomology and the following diagram is commutative: 

V) ^ H,{!d; V) i/(il; vf^^^^'^H{il; V) 



H{C{\:y,V)) 



H{C{\-t,;V)) 



H{C(X-i;V)) 



i/,„<,(il; V) = i/,„,g(il; V) = Hs^ngiiX- V) H{il; V) 

H(j) H{i) 
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In particular the Cech and the smooth H-local cohomology do not depend on the 
open cover il subject to the acyclicity condition chosen. 

Proof. The proof is analogous to the proof of Proposition 12.151 □ 

Corollary 4.12. For any open covering il of a smooth manifold M for which each 
set Uig,,,ip is V-acyclic and each covering {J7f+^ \ i & 1} ofii[q] is smoothly R- 
numerable the .singular cohomology Hsmg{M; V) and the Cech cohomology V) 
can both be computed from the complex V") of smooth H-local cochains. 

Example 4.13. For any 'good' covering il = {Ui | i £ /} of a manifold M for 
which each covering {U^^ \ i G 1} oi ii[q\ is smoothly i?-numerable the morphism 
C(A^, : Al{il;V) S*{H;V) of cochain complexes induces an isomorphism 
in cohomology and the cohomologies H{ii;V), Hs{ii]V), Hc{ii;V), H{ii]V) and 
Hsing{,M]V) are isomorphic. 

Lemma 4.14. // the open coverings ii of a manifold M for which the sets Uig,,,ip are 
V-acyclic and each covering {U^^^ | i G /} o/il[<z] is smoothly R-numerable are cofi- 
nal in all open coverings, then for each such covering il the the cohomology Hg (il; V) 
of smooth iX-local cochains coincides with the smooth Alexander- Spanier cohomology 
Has,s{M, y) of M . In particular the directed system -ffs(il; V) of abelian groups is 
co-Mittag-Leffier. 

Proof. In this case the (smooth) Alexander-Spanier cohomology can be computed 
as the colimit over this cofinal set of open coverings il. Proposition 14.111 shows 
the isomorphisms Hc{^]V) = H{ii;V) = Hsing{M;V) for every covering il in 
this cofinal set; this implies the isomorphism IIas,c{M;V) = IIas{M;V) of the 
colimit groups. It also shows that the directed systems IIc{ii; V) and i?(il; V) are 
co-Mittag-LefBer. □ 

Example 4.15. If il is an open covering of a finite dimensional Riemannian man- 
ifold M by geodetically convex sets, then the cohomology of the complex A*(il; V) 
is isomorphic to the Cech cohomology (il; V) and to the singular cohomology 
Hsing{M; V) of M. If M is an infinite dimensional Riemannian manifold one has 
to require the local existence of geodesies and smooth partitions of unity for this 
argument to be applicable. 

Example 4.16. If G is a Hilbert Lie group and U a geodetically convex identity 
neighbourhood of G, then the cohomology of the complex A*(il[/; V) is isomorphic 
to Cech cohomology -ff(it; V) and to the singular cohomology HsmgiM; V) of M. 

For Lie groups one can also consider the complex colim^/gz^^ A*(il[/; V), where 
U ranges over all open identity neighbourhoods of G. In order to obtain a result 
similar to that for locally contractible groups (Theorem I2.2ip we require the Lie 
groups and their finite products to be smoothly i?-paracompact. Although this 
does not guarantee the row-exactness of the double complex C*{ilu, A*), it allows 
us to construct approximative row contractions h*''^ : C*{ilu, Aj) — >• C*~^{iiu, ). 
These row contractions will serve the same purpose after shrinking the open covering 
Uu to an open covering ily . 

Lemma 4.17. For any open identity neighbourhood U of a Lie group G for which 
all finite products are smoothly R-paracompact, there exists an open identity neigh- 
bourhood V C U and smooth R-valued functions {^q,g \ G G G} with locally finite 
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supports in {gU) x ■ • • x (gU) respectively such that the restriction of each function 
Lpq = X^geG "^9.3 ^'^ constant function 1. 

Proof. Let V and W be open identity neighbourhoods satisfying V~^V CWCU. 
We assert that the closure of QJ[g] is contained in it[g]. If xj is a net in ^[q] 
converging to a point a? in G'^'^^ , then the net xJqXj converges to x^^x. Every 
point Xj is contained in some open set (gV) x • • ■ x (gV), as a consequence the point 
xJ^Xj^k is contained in igV)~^gV — V~^g~^gV = V~'^V C W and x is contained 
in {xqW) X • • • X {xoW)\ the latter set is contained in Thus the complement 
A — G^+^ \ 23[(7] and the open sets {gU) x • ■ • x {gU) form an open covering of 
C^^. If the Lie group G and its finite products are smoothly i?-paracompact, then 
there exists a smooth i?-valued partition of unity {ij}} U {<Pg,c, \ g € G} subordinate 
to this open covering. Since the function has support in the complement of '^[q] 
the sum ipq = X^neG "^9.9 ^ ^W\- ^ 



For any open covering il := {Ui | i S /} of a smooth manifold M, set of smooth 
i?-valued functions {<Pg,i | i G /} with locally finite supports contained in Uf'^ 
respectively and smooth cochain / e (7^(11;^!) the products <fq,ifiio...ip-i have 
supports in the open sets U'^^^^ ^ respectively. Therefore they can be smoothly 
extended to U'''^^ by defining it to be zero outside C/?^^,- . Understanding 

LQ tp— 1*' ^ I'l'O tp—l >— ' 

each function fq^ifigo...ip-i to be extended this way we define an approximation to 
the homotopy operator in Eq. 11.21 



The homomorphisms map continuous cochains to continuous cochains and smooth 
cochains to smooth cochains by construction. In addition we observe: 

Lemma 4.18. For any open covering il :— {Ui \ i 1} of a smooth manifold 
M and set of smooth R-valued functions {ipq,i | i G /} with locally finite supports 
contained in Uf^^ respectively the homomorphisms h^^'' satisfy the equation 



(4.2) ShP^'^if) + hP+''^iSf)^Y.'fi'i'^f 



for all cochains f £ (7^(11,^9). 
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Proof. For any cochain / £ (7^(11; A') of bidegree (p, q) the horizontal coboundary 
of hP;'^{f) computes to 



k=Q i 

P 

i k=0 

i 

i 

which is the stated equahty. □ 

Proposition 4.19. For any open identity neighbourhood U of a Lie group G for 
which all finite products are smoothly R-paracompact, there exists an open identity 
neighbourhood V C U and homomorphisms /i^^' : CP{\iu,A'^) — ^ C^~^ {*iXu , A'^) 
satisfying the equation 



I^<v,itL. [^^"'^ + = Res^'« 



u 



and which leave the sub-rows C* {iiu , A"^) and C*{iiu, A'^) invariant. In particular 
the colimit double complex coVivnu^Ui C* {'du'i A*^) is row-exact. 

Proof. For any open identity neighbourhood [/ of a Lie group G for which all finite 
products are smoothly i?-paracompact Lemma |4 . 1 71 shows the existence of an open 
identity neighbourhood V QU and smooth i?-valued functions {(/Jq.g | G G G} with 
locally finite supports in {gU) x • • • x {gU) respectively such that the restriction of 
each function ipq = ^g^a '■Pi,9 constant function 1. For h'P '^ = /i^'' 

the stated equality now follows from Lemma [4. 181 □ 

Corollary 4.20. For any open neighbourhood filterbase Ui of a Lie group G whose 
finite products are smoothly R-paracompact the morphisms i* induce an isomor- 
phism coliuYueUi Hsi'du; V) = colimueUi H(TotG* (ila; ^*)). 

Summarising the preceding observations for Lie groups we have shown: 

Theorem 4.21. For any open neighbourhood filterbase lAi of a Lie group G whose 
finite products are smoothly R-paracompact the morphisms A*{fdij', V) V) 
and G{\*y^^, V) : A*{Uif; V) 5'*(il;7; V) for all U ElAi induce isomorphisms 

coYanudUi Hs{ilu; V) = colimueu^ H{ilu; V) = Hs„,g{G; V) 
in cohomology. 

Proof. For every Lie group G with open identity neighbourhood filterbase lAi the in- 
clusions Al{iXu]V) ^ A*{iiu;V) and TotG*{ilj/; AJ) ^ TotC*{!du; A*) of cochain 
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complexes lead to the commutative diagram 



coWxnueu, A*{<du\ V) ^ coWmueu, Tot(7*(itc/, A*) I coWmueu, C{^u\ V) 

of cochain complexes. The morphisms j* and j* on the right hand side induce 
isomorphisms in cohomology, hence the inclusions of total complexes also induce 
isomorphisms in cohomology. The inclusions i* and i* also induce isomorphisms in 
cohomology (by Corollary 14.201 and Theorem I1.17P , which proves the first isomor- 
phism. The second isomorphism also follows from Theorem II. 17p . □ 

5. Loop Contractible Coefficients 

In this section we consider a different class of coefficient groups V and derive 
results analogous to previously obtained ones. To obtain exact rows in the double 
complex C'*(il, A*) we again impose a restriction on the coefficient group V] however 
this time it is an algebraic topological one: 

Definition 5.1. A (semi-)topological group G is called loop contractible, if there 
exists a contraction $ : Gxl ^ G to the identity such that : G — ?> G, g i— $(5, t) 
is a homomorphism of (semi-) topological groups for all t E I. 

Example 5.2. Any topological vector space V is loop contractible via $(«, t) — t-v. 

Example 5.3. The path group PG = G((/, {0}), (G, {e})) of based paths of a 
topological group G is loop contractible via $PG(7,s)(t) :— j{st). 

Remark 5.4. A topological group G is loop contractible if and only if the extension 
ilG ^ PG G is a semi-direct product: If $g is a loop contraction of G, then 
the group homomorphism s : G — > PG, s{g){t) — ^Gig^t) is a right inverse to the 
evaluation evi : PG — ?■ G at 1; conversely, if such a right inverse s exists, then the 
homotopy given by ^G{g,t) := eYi<^PG{s{g)){t) is a loop contraction of G. 

Example 5.5. For a topological group G the geometric realisation EG :— |G*+^| 
of the simplicial space G*+^ is a semi-topological group. As observed in [EM 78] the 
elements in EG can be identified with the step functions / : [0, 1) — >• G which are 
continuous from the right and the multiplication in EG is given by the pointwise 
multiplication of these step functions. The natural contraction of EG is explicitely 
given by 

(cf. the contraction in |Fucl01 Section If. 2] in |BM78I p. 214]). This is a loop 
contraction of the semi-topological group EG. 

If the abelian topological coefficient group V is loop contractible then one can 
generalise the classical construction of the row contractions in Proposition 12.41 For 
this purpose we consider the singular semi-simplicial space C{A,V) of V and the 
vertex morphism Ay : C{A, V) V*~^^ of semi-simplicial spaces, which assigns to 
each singular n-simplex r : Z\" V its ordered set of vertices (T(eo), . . . ,T(e„)). 
It has been shown in [FuclOi Chapter 3], that there exists a right inverse a to the 
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(5.1) a„+i(«)(t) 



vertex morphism Ay. The construction is as follows: Let ^ : V x I ^ V he a, loop 
contraction and consider the continuous map 

F -.V xV X I ^V, {vQ,vi,t) ^ vo + 'P{vi -vo,t), 

then start by setting (To(u)(to) = v and by inductively defining the functions a„ via 

Vo if to = 1 

^F(vo,an{vi,...,Vn+i) (^j^,.-.,Y^^ ,to) if to 7^0 

We equip the spaces C(Z\", V) with the compact-open topology. The crucial prop- 
erties of the maps (t„ : — ^ (-4", V) we rely on are: 

Proposition 5.6. The map a : V*^^ — )■ C{A*, V) is a morphism of semi-simplicial 
topological spaces which is a right inverse to the vertex morphism Ay and all the 
adjoint functions (t„ : V"^^ x Z\" — > V are continuous. In addition for all v ^ V 
the singular n-simplices ct„(u, . . . , v) are the constant maps A" — > {v}. 

Proof. The continuity of the maps ct„ : V"^^ x Z\" — F is shown in [FuclOi Lemma 
3.0.69], the fact that ct is a morphism of semi-simplicial spaces is the content of 
[FuclOi Lemma 3.0.70]; the proofs presented there carry over in verbatim. The last 
statement is a consequence of the inductive definition 15.11 of the functions ct„ . □ 

Lemma 5.7. If ^ : V x I ^ V is a loop contraction, then a : 1/*+^ C(Z\*, V) 
is a morphism of semi-simplicial abelian topological groups. 

Proof. It is to show that each map ct„ : 1/"+^ C{A^, V) is a group homomor- 
phism. This is proved by induction. The functions are group homomorphisms by 
definition. Moreover, since $ is a loop contraction, the function F: VxVxI—^V 
is additive in V x V. Now assume that the function ct„ is a group homomorphism 
and let v,w d be given. The singular {n + l)-simplex an+i{v + w) takes the 

value Wo + Wo at to = 1 ■ For to ^ its value is given by 

(T„+l(u -I- W){t) = 

= F [vo+ Wo,a-n{vi +Wi,.. .,Vn+l + Wn+l) 



tl tn^ 



1-to 1-to 



F I vo,an{vi,. . . ,w„+i) ( . \ , . . . , """"^ ) ,to 



+F I Wo,f?«(wi, • ■ . , Wn+l) ( T— 't, ■ • ■ , ] ,to 



1-to I -to 
tl t„ 
1 - to ' ■ ■ ■ ' to 

= an+l{v){i) +an+l{w)(t) 

which completes the inductive step. □ 

From now on we assume the coefhcient group V to be loop contractible with loop 
contraction ^ : V x I —i' V, which gives rise to a morphism a : V*^^ C{A* , V) of 
semi-simplicial abelian topological groups that is a right inverse to Ay. The above 
observations enable us to replace the linear combination Vq,ifiia...ip of functions 
in Proposition ! 1 . 2 I bv the values of the singular n-simplices (Tn(/aoio-ip i ■ • ■ : fa„io...ip) 
at {fq,ao 1 ■ • ■ Vq-a„ ) for Certain indices ao, . . . , a„ G /. For this purpose we first ob- 
serve: 
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Lemma 5.8. For any partition of unity {ipqA \ i G 1} subordinate to the open cover 
{U-'^^ \ i e 1} ofH[q] and p-cochain f £ CP{ii,A'^) the maps 

(5.2) U!j'^^^^_^ -^V, X ^ CFn° {faoia---ip-n ■ ■ ■ 1 fa„ia...ip-iiVq,aoJ ■ ■ ■ jVq,ar,){^) 

- where for each x G X the indices ao < • • ■ < a„ are those for which <^^q. (M\ {0}) 
contains x - are continuous. 

Proof. It suffices to show that each point x S has a neighbourhood on which 
the functions defined in 15.21 are continuous. This is a consequence of the fact that 
a : — > C{A, V) is a morphism of semi-simplicial spaces: Since the supports 
of the functions (pq,i are locally finite, each point x G has a neighbourhood W 
such that the set Iw '■= {a' & I \ (pq,a'{x) ^ 0} is finite. Let ag < ■ • • < a'j, be the 
ordered set of indices in Iw . The function defined by 

is continuous on the open set Ujt^ ^, - - , which is a neighbourhood of x. Let 
ao < • • • < an be the ordered set of indices for which (p^;!^,. (M \ {0}) contains x\ it 
is a subset of Iw- The fact that cr is a morphism of semi-simplicial spaces implies 
the equality 

0-fe(/a^»o...jp_i (x), . . . , fa'^^„...^p_^ {x),iPq^a[ (x) , fq,a'^ (x)) = 

(^nifaoio-'-ip-l • • • J fa„io...ip-i {x) , fq^ao {x) , . . . , fq^cin (2^)) 



which shows that the function defined in 15.21 is continuous on the open neighbour- 
hood , . . of X. □ 



Qr)...a' 2o...2p-i 



Lemma 5.9. For any partition of unity {(pq^i \ i £ 1} subordinate to the open cover 
{Uj'^^ I i G /} of ii[q\ and p-cochain f G (7^(11,^4^) the maps defined in \5.S\ form a 
cochain in C'''"^(il; A^). 

Proof. It is to show that for each p-cochain / G Cp{U.,A1) and permutation s of 
{io . . . ip} the maps defined in 15.21 satisfy the equalities 

(^nifaoio-'-ip-l {^) 7 • ■ • i /onio-.-ip-l 'Pq,ao ■ • • J fq.otn (xY) = 

sign(s)cr„(/„o,^(„) (a;), . . . , /a„»,(o,...»,(p_i) ix),(Pq,ao (x), ■ • ■ , <P?,a„ (x)) . 

This is a consequence of Lemma 15.71 Thus the assignment in 15.21 defines a cochain 
in C'P-i(H;A?). □ 

Proposition 5.10. For any partition of unity {(pq.i | i G /} subordinate to the 
open cover {Uj'^^ | i G /} of il[q] the homomorphisms 

{5.3)hP'^ ■.CP{iX,A^) ^ CP^\!d,A'') 

{h^ f)if,...ip_i ~ On O {faoio...ip-i j • ■ • : fa„io...ip-i , ^q,ao i ■ • ■ 7 V'g.Qn ) i 

- where for each x £ X the indices ao < • • • < a„ are those satisfying Lpq.a^ (x) ^ 
-form a contraction of the augmented row A'^{il;V) ^ C*{ii,A'^) which restricts 
to a row contraction of the augmented sub-complex V) ^ C*(il, A^. 

Proof. The maps /i^'^ are homomorphisms of abelian groups by Lemma 15.71 and 
map the subgroups C*(ii,A'^) of continuous cochains into each other by Lemma 
Consider a point x G il[q] and let ao, ... ,an be the ordered set of indices in / 
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for which (p^^((0,l]) contains the point x. The evaluation of {hP^^''^5f )ig...ip at x 
computes to 

{hP+^ 5 f ^^{x) = (Tn{{Sf)aoto...ip{x), . . . , {6 f) a^tg ...ip{x) , ipq,ao{x) , ■ ■ . , ¥'q,a„ (^)) 
— O'n(/io...ip • ■ • 1 fio---ip fq.aa (s^), . . . , '-Pq^a^ (•^)) 

fc 

= fio...ip{x)-{5hPf)i„,„,^{x). 

Thus the homomorphisms ft.^'^ form a row contraction of A'^{'d]A) ^ C'*(il, A'?), 
which restricts to a row contraction of the sub-complex (il; Ac) '-J^ C* (II, A1). □ 

Corollary 5.11. For any open covering iX = {Ui \ i & 1} of a topological space X 
for which the coverings I I G /} of the spaces il[g] are numerable the homo- 

morphism i* : Al{!d;V) — > TotC'*(U, A*) induces an isomorphism in cohomology. 

Recalling the contractibility condition imposed on the coefficient group V we 
proceed to show: 

Theorem 5.12. For any loop contractible abelian topological group V and open 
covering U. of a topological space X for which each covering {U^^^ | i G /} o/ 
ii[q] is numerable the inclusion A* (il; V) ^ A* (il; V) induces an isomorphism in 
cohomology and the cohomologies H{U; V), Hc{ii', V) and H{U; V) are isomorphic. 

Proof. The proof is analogous to that of Theorem 12.71 □ 

In this case the Cech Cohomology -ff (il; V) for the covering it of X can be either 
computed from the complex A* (il; V) of continuous il- local cochains or from from 
the complex A*{il; V) of il-local cochains. 

Corollary 5.13. For any loop contractible abelian topological group V, generalised 
partition of unity {ipi | i G /} on X and il :— {(p~^{R \ {0}) | i G /} the inclusion 
A* (il; V) ^ A* (il; V) induces an isomorphism in cohomology and the cohomologies 
H{ii;V), Hc{ii;V) and H{iX;V) are isomorphic. 

Proof. The proof is analogous to that of Corollarv l2.8l □ 

Passing to the colimit over all numerable coverings yields the classical results: 

Corollary 5.14. For any topological space X and loop contractible abelian topo- 
logical group V the Cech cohomology H{X;V) w.r.t. numerable coverings and the 
continuous Alexander- Spanier cohomology Has,c{X; V) w.r.t. numerable coverings 
are isomorphic. 

Corollary 5.15. For any paracompact topological space X and loop contractible 
coefficient group V the Cech cohomology H{X; V) and the continuous Alexander- 
Spanier cohomology Has,c{X] V) are isomorphic. 

Example 5.16. If a paracompact space X has trivial Cech cohomology H{X; V) 
(e.g. if X is contractible) and V is loop contractible, then the continuous Alexander- 
Spanier cohomology Has{X\ V) is trivial as well. 

As we did before, we apply these observations to uniform spaces X with open 
coverings of the form ily := {L/[a;] | a; G AT}, where U is an open entourage of the 
diagonal in X x X. 
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Proposition 5.17. If d : X x X is a continuous pseudometric on X then for 

each e > 0, covering il = {Bd{x,e) \ x G X} of X by open e-balls and loop con- 
tractible abelian topological group V the inclusion A*^(ii; V) ^ A*(ii; V) induces an 
isomorphism in cohomology and the cohomologies H{H;V), Hc{ii;V) and H{ii;V) 
are isomorphic. 

Proof. The proof is analogous to that of Proposition 12. Ill □ 



Example 5.18. If il = {B{x,e) \ x G X} is an open covering of a finite dimen- 
sional Riemannian manifold M by open e-balls and the coefficient group V is loop 
contractible, then the cohomology Hc{ii; V) of the complex A* (it; V) is isomorphic 
to cohomology i?(il; V) and to the Cech and singular cohomologies of AI (cf. Ex 
ll.lSp . If M is an infinite dimensional Riemannian manifold one has to require the 
local existence of geodesies. 

Corollary 5.19. For any open entourage U of a uniform space X and loop con- 
tractible abelian topological group V the inclusion A*(iXu] V) ^ A*(Jdu; V) induces 
an isomorphism in cohomology and the cohomologies H{iii;;V), Hc{!du',y) o,nd 
H{ilij]V) are isomorphic. 

For topological groups with open coverings of the form il[/ :— {gU \ g £ G}, 
where U is an open identity neighbourhood in G we observe: 

Corollary 5.20. For any open identity neighbourhood U of a topological group 
G and loop contractible coefficient group V the inclusion A*(iXu]V) ^ A* {iiu;V) 
induces an isomorphism in cohomology and the cohomologies H{iiir; V), Hc{iiu] y) 
and H{ilu; V) are isomorphic. 

Combining these results with those concerning singular cohomology (obtained 
in Section [ij we observe: 

Proposition 5.21. For any loop contractible abelian group V and open covering H 
of a space X for which each set Ui„,,,i^ is V -acyclic and each covering {U^^^ | « G /} 
o/it[q] is numerable the homomorphism C(A^, V) : A*{ii; V) S*{X,U; V) induces 
an isomorphism Hc(ii', V) = Hsing{X] V) in cohomology and the following diagram 
is commutative: 

H,{H; V) ^ if (il; V) ^^V^ tr(il; V) 



HiC{\l,;V)) 



H,„g(U; V) = Hsrngi^] V) H {il; V) 

tJ(.i) H(i) 



UY 

In particular the Cech and the continuous il-local cohomology do not depend on the 
open cover il subject to the above conditions chosen. 

Corollary 5.22. For loop contractible coefficient groups V and any open covering 
a of a topological space X for which each set Ui^,,,i^ is V -acyclic and each covering 
{U^^^ I i G /} o/il[q] is numerable the singular cohomology Hsing{X;V) and the 
Cech cohomology H{ii; V) for the covering il can be computed from the complex 
A*{H; V) of continuous ii-local cochains. 
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Example 5.23. For any loop contractible coefficient group V and 'good' cover ii of 
a topological space X for which each covering {U^''^^ | z G /} of U[q] is numerable the 
morphism A* (il; V) — > S* {X, it; V) of cochain complexes induces an isomorphism 
in cohomology and the cohomologies H{ii; V), H{ii; V), Hc{ii; V) and Hsing{X; V) 
are isomorphic. 

Lemma 5.24. // V is loop contractible and the open coverings H of a topological 
space X for which the sets Ui„,,,i^ are V -acyclic and each covering {Uf'^^ \ i € 1} 
of 'd[q] is numerable are cofinal in all open coverings, then for each such covering 
il the the cohomology Hc(ii',V) of continuous H-local cochains coincides with the 
continuous Alexander- Spanier cohomology HAS,ciX;V) of X . In particular the 
directed system Hc{ii', V) of abelian groups is co-Mittag-Leffler. 

Proof. The proof is analogous to that of Lemma 12.181 □ 

Example 5.25. If il is an open covering of a finite dimensional Riemannian mani- 
fold M by geodetically convex sets and V is loop contractible, then the cohomology 
of the complex ^^{it; V) is isomorphic to the Cech cohomology H{il; V) and to the 
singular cohomology Hsing{M; V) of M. If M is an infinite dimensional Riemann- 
ian manifold one has to require the local existence of geodesies for this argument 
to be applicable. 

Example 5.26. If G is a Hilbert Lie group, U a geodetically convex identity 
neighbourhood of G and V is loop contractible, then the cohomology of the com- 
plex Al{il(j;V) is isomorphic to Cech cohomology H{il;V) and to the singular 
cohomology Hsing{G; V) of G. 

As observed before, one can obtain a similar result for locally contractible topo- 
logical groups without acyclicity condition on the open coverings: 

Theorem 5.27. For any locally contractible group G with open identity neighbour- 
hood filterbase lAi and loop contractible V the morphisms A*{Hif; V) ^ V) 
and ^(A^^, V) : A*{Uij; V) —5- S*{Uu; V) for all U gUi induce isomorphisms 

coliiRueUi Hc{ilu; V) = colim^/g;^, H{ilu; V) = i?si„g(G; V) . 

in cohomology. 

Proof. The proof is analogous to that of Theorem 15.271 □ 

Corollary 5.28. For Lie groups G with open identity neighbourhood filter base lAi 
and loop contractible coefficient groups V the cohomologies co\iu\iji=Ui Hc{'d.u'iy), 
colimj/gi^j _ff (ilc/; F), colim[/gz^j T^) and Hsing{G;V) coincide. 

6. fc-SPACES AND Loop Contractible Coefficients 

In this section we work in the category of fc-spaces and derive results analogous to 
previously obtained ones. To obtain exact rows in the double complex C'*(il, A^^) 
we again impose the restriction of loop contractibility. 

Example 6.1. Any fc-vector space V is loop contractible via = t ■ v. 

Example 6.2. The path /c-group kPG = kC{{I, {0}), (G, {e})) of based paths of 
a fc-group G is loop contractible via <I>pg(7, s){t) := 7(si). 
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Remark 6.3. A fc-group G is loop contractible if and only if the extension kilG ^ 
kPG G is a semi-direct product: If $g is a loop contraction of G, then the group 
homomorphism s : G kPG, s{g){t) — ^cig, t) is a right inverse to the evaluation 
evi : PG — > G at 1; conversely, if such a right inverse s exists, then the homotopy 
given by $g(5, t) '■= s^i^PG{s{g)){t) is a loop contraction of G. 

Example 6.4. For a fc-group G the geometric realisation kEG = |kG*+^| of the 
simplicial fc-group G*"*"^ is a fc-group. As observed in jBM78] the elements in k£'G 
can be identified with the step functions / : [0, 1) — > G which are continuous from 
the right and the multiplication in EG is given by the pointwise multiplication of 
these step functions. The natural contraction of EG is explicitely given by 



(cf. the contraction in [FuclO) Section 11.2] in |BM781 p. 214]). This is a loop 
contraction of the fc-group EG. 

If the coefficient fc-group V is loop contractible then one can transfer the con- 
struction of the semi-simplicial morphism f? : 1/*+^ — > G{A*,V) constructed in 
Section [5] to the category of fc-spaces. This is done by replacing products in Top 
by products in kTop in the inductive definition of a. We denote the so obtained 
map kV*+^ kG(Z\, X) by ka. 

Proposition 6.5. The map ka : kV^*+^ — > kG{A*,V) is a morphism of semi- 
simplicial k- spaces which is a right inverse to the vertex morphism kAy and all the 
adjoint functions kcr„ : k^""*"^ x Z\" — > V are continuous. In addition for all v G V 
the singular n-simplices ct„(u, . . . , v) are the constant maps A" — > {v}. 

Proof. The proof is analogous to that of Proposition 15.61 □ 

Lemma 6.6. If ^ : V x I ^ V is a loop contraction, then a : kV*^^ — > kG(Z\*, V) 
is a morphism of semi-simplicial abelian topological groups. 

Proof. The proof is analogous to that of Lemma 16.61 □ 

From now on we assume the coefficient fc-group V to be loop contractible with 
loop contraction ^ : V x I V, which gives rise to a morphism ka ; kl/*+^ 
kG(Z\*, V) of semi-simplicial abelian fc-groups that is a right inverse to kXy. The 
above observations enable us to replace the linear combination '^^^q,ifiio...ip of 
functions in Proposition l3.2l bv the values of the singular n-simplices anifaaio-.-ip i • ■ • : fa„io...ip) 
at {fq,ao : ■ • ■ Vq,an ) Certain indices ao, . . . , a„ £ /. For this purpose we first ob- 
serve: 



Lemma 6.7. For any partition of unity {^Pq^i | i £ /} subordinate to the open cover 
{kll^^^ I i G /} o/kil[g] and p-cochain f G (7^(11, A^^) the maps 




(6.1) kUf^\^_^ ^V, GnO {fa„ta...tp_,,. . ■ Ja„io . . .ip-i , fq.ao , ■ ■ ■,'fq,aj{x) 

- where for each x G A" the indices ao <■■■< an are those for which Pq^. (R\ {0}) 
contains x ~ are continuous. 



Proof. The proof is analogous to that of Lemma 15.81 



□ 
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Lemma 6.8. For any partition of unity {ipqA \ i G 1} subordinate to the open cover 
{kJ7?^^ I i G /} o/kilfq] and p-cochain f G (7^(11, A^^) the maps defined in \5.S\ form 
a cochain in (^^^^(il; A^^). 

Proof. The proof is analogous to that of Lemma 15.91 □ 

Proposition 6.9. For any partition of unity {fq^i \ i (z 1} subordinate to the open 
cover {kUj'^^ | i G /} o/klt[(7] the homomorphisms 

{h^''^ f)io---ip-l ~ '^n ° {faoio...ip-i j • ■ • : fa^io-'-ip-l t fq.oio : ■ • ■ i fq,a„ ) j 

- where for each x Cz X the indices ao < ■ ■ ■ < an are those satisfying Lpq^ai (x) ^ 

- form a contraction of the augmented row A''(ii; V) ^ C*(il, A"^) which restricts 
to a row contraction of the augmented sub-complex V) ^ C'*(il, ^1^,). 

Proof. The proof is analogous to that of Proposition 16.91 □ 

Corollary 6.10. For any open covering il = {Ui \ i £ 1} of a k-space X for which 
the coverings {k[/«+^ \ i e 1} of the k -spaces kll[q] are numerable the homomor- 
phism i^^ : A'^^{ii;V) — > TotC'*(il, A^^) induces an isomorphism in cohomology. 

Recalling the contractibility condition imposed on the coefficient group V we 
proceed to show: 

Theorem 6.11. For any loop contractihle abelian k-group V and open covering U. 
of a k-space X for which each covering {kC/^*^^ | i G /} o/ kU[q] is numerable the 
inclusion A^^(il;V^) ^ A*{!d]V) induces an isomorphism in cohomology and the 
cohomologies H{H; V), Hkd^', V) and H(il] V) are isomorphic. 

Proof. The proof is analogous to that of Theorem 12.71 □ 

In this case the Cech Cohomology H{il; V) for the covering il of X can be either 
computed from the complex ^4^^(11; V) of continuous il- local cochains or from from 
the complex A*{ii; V) of il-local cochains. 

Corollary 6.12. For any loop contractible abelian k-group V , generalised parti- 
tion of unity {(pi \ i £ 1} on X and il :— {ip^^{R \ {0}) | i G /} the inclusion 
A^^(il;V") ^ A*{H;V) induces an isomorphism in cohomology and the cohomolo- 
gies H{il; V), Hkc{^', V) and -ff (il; V) are isomorphic. 

Proof. The proof is analogous to that of Corollary 12. 81 □ 

Recall that for all metric, locally compact or Hausdorff fc^-spaces X the products 
XP^-^ are already compactly Hausdorff generated (cf. Lemma rC.7|) : for these kinds 
of spaces the diagonal neighbourhoods of the form il[q] are cofinal in all diagonal 
neighbourhoods. 

Corollary 6.13. For metric, locally compact or Hausdorff ki^ -spaces X and loop 
contractible abelian k-groups V the Cech cohomology H{X]V) w.r.t. numerable 
coverings and the continuous Alexander- Spanier cohomology HAS,kc{X;V) w.r.t. 
numerable coverings are isomorphic. 

Example 6.14. Real and complex Kac-Moody groups are Hausdorff fc;^-spaces (cf. 
|GGH06) ). Thus for real or complex Kac-Moody groups G and loop contractible 
abelian fc-groups V the cohomologies H{G; V), Hasm^^'^ ^) Has{G] V) w.r.t. 
numerable coverings are isomorphic. 
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Corollary 6.15. For any metric, paracompact and locally compact or paracompact 
Hausdorjf k^j-space X and loop contractible coefficient k-group V the C'ech coho- 
mology H{X]V) and the continuous Alexander- Spanier cohomology HAs,ciX;V) 
are isomorphic. 

Example 6.16. If a metric, paracompact and locally compact or paracompact 
Hausdorff fc^j-space X has trivial Cech cohomology H{X;V) (e.g. if X is con- 
tractible) and V is loop contractible, then the continuous Alexander-Spanier coho- 
mology Has{X] V) is trivial as well. 

As we did before, we apply these observations to uniform fc-spaces X with open 
coverings of the form ilu :— {U[x] \ x G X}, where U is an open entourage of the 
diagonal m X x X. 

Proposition 6.17. If d : X x X ^ M is a continuous pseudometric on X then 
for each e > 0, covering it = {Bd{x,e) \ x G AT} of X by open e-halls and loop 
contractible abelian k-group V the inclusion A^^{'d;V) ^ A*(ii;V) induces an 
isomorphism in cohomology and the cohomologies H{ii; V), Hkd^] V) and H{ii; V) 
are isomorphic. 

Proof. The proof is analogous to that of Proposition 12. 11 1 □ 

Example 6.18. If it = {B{x, e) | x £ X} is an open covering of a finite dimensional 
Riemannian manifold AI by open e-balls and the coefficient fc-group V is loop 
contractible, then the cohomology Hkc{^', V) of the complex yl^^(il; V) is isomorphic 
to cohomology i?(il; V) and to the Cech and singular cohomologies of M (cf. Ex 
ll.lSp . If M is an infinite dimensional Riemannian manifold one has to require the 
local existence of geodesies. 

Corollary 6.19. For any open entourage U of a uniform k-space X and loop 
contractible abelian k-group V the inclusion A^^(il[7;F) ^ A*{iXu;V) induces 
an isomorphism in cohomology and the cohomologies H{iiij;V), Hkci^u'iV) o.i^'d 
H{!dir;V) are isomorphic. 

For compactly Hausdorff generated topological groups with open coverings of 
the form il[/ :— {gll \ g £ G}, where U is an open identity neighbourhood in G we 
observe: 

Corollary 6.20. For any open identity neighbourhood U of a compactly Haus- 
dorff generated topological group G and loop contractible k-group V the inclusion 
A*j^d!du]V) A*{'d.u]V) induces an isomorphism in cohomology and the coho- 
mologies ([{iiu^V), Hc{i}iu]y) and H{iiij;V) are isomorphic. 

Combining these results with those concerning singular cohomology (obtained 
in Section [ij we observe: 

Proposition 6.21. For any loop contractible abelian k-group V and open cover- 
ing a of a k-space X for which each set Ui„,,,i^ is V-acyclic and each covering 
{kU^^^ I i G /} o/kU[g] is numerable the homomorphism C{Xli,V) : AldiX;V) 
S*{X,ii;V) induces an isomorphism Hkci^',V) = Hsing{X;V) in cohomology and 
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the following diagram is commutative: 



H(i) , H{j)-^H(i)^ 



H{C{\ry,V)) 



In particular the Cech and the continuous ii-local cohomology do not depend on the 
open cover il subject to the above conditions chosen. 

Corollary 6.22. For loop contractible coefficient k-groups V and any open covering 
a of a k-space X for which each set Uig..Ap is V -acyclic and each covering {]djf^^ \ 
i G /} o/ kH[q] is numerable the singular cohomology Hsing{X]V) and the Cech 
cohomology H{iX; V) for the covering il can be computed from the complex V) 
of continuous ii-local cochains. 

Example 6.23. For any loop contractible coefficient group V and 'good' cover il of 
a topological space X for which each covering {Uf^^ | i G /} of il[(j] is numerable the 
morphism A^^(il; V) — S*{X,ii; V) of cochain complexes induces an isomorphism 
in cohomology and the cohomologies i?(il; V), -ff (il; V), Hc{il; V) and Hsing{X; V) 
are isomorphic. 

Lemma 6.24. If X is a k-space, V a loop contractible k-group and the diagonal 
neighbourhoods ii[q] for open coverings il for which the sets Uig,,,ij, are V-acyclic 
and each covering {kU^^^ | i e /} o/kil[q] is numerable are cofinal in all diagonal 
neighbourhoods, then for each such covering il the cohomology Hkciii', V) of contin- 
uous il-local cochains coincides with the continuous Alexander- Spanier cohomology 
Hasm^-^'i^) of X . In particular the directed system Huciii'^V) of abelian groups 
is co-Mittag-Leffler. 

Proof. The proof is analogous to that of Lemma 12.181 □ 

Example 6.25. If il is an open covering of a finite dimensional Riemannian mani- 
fold M by geodetically convex sets and V is loop contractible, then the cohomology 
of the complex A^^(il; V) is isomorphic to the Cech cohomology i?(il; V) and to the 
singular cohomology HgingiM; V) oi M. If M is an infinite dimensional Riemann- 
ian manifold one has to require the local existence of geodesies for this argument 
to be applicable. 

Example 6.26. If G is a Hilbert Lie group, U a geodetically convex identity 
neighbourhood of G and V is loop contractible, then the cohomology of the com- 
plex Al,^{U.ij;V) is isomorphic to Cech cohomology II{ii;V) and to the singular 
cohomology IIstng{G\ V) of G. 

As observed before, one can obtain a similar result for locally contractible com- 
pactly Hausdorff generated topological groups without acyclicity condition on the 
open coverings: 

Theorem 6.27. For any locally contractible compactly Hausdorff generated group 
G with open neighbourhood filterbase lAi for which all finite products G^'^^ are 
k-spaces and loop contractible abelian k-group V the morphisms Al^{iiij;V) ^ 
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A*{iiu;V) and C{Xl^^,V) : Al^{iiu;V) S*{iiu;V) for all U <E Ui induce iso- 
morphisms 

coYiTCLueUt Hkc{iiu; V) = colimueUi H{ilu; V) = Hsing{G; V) . 
in cohomology. 

Proof. The proof is analogous to that of Theorem 15.271 □ 

Corollary 6.28. For metrisable Lie groups G with open identity neighbourhood fil- 
ter baseUi and loop contractible k-groups V the cohomologies colimij^u-^ Hkd^u] V), 
colhnij^u-^ H(i!^u]V) , coliTau^Ui H{ili}',V) and Hsing{G]V) coincide. 

7. Smoothly Loop Contractible Coefficients 

For an open covering il of a (possibly infinite dimensional) differential manifold 
M and abelian Lie groups V one can consider the complex A* (il; V) of smooth 
ll-local cochains. Analogously to the procedure for continuous cochains we impose 
a condition on the abelian Lie group V: 

Definition 7.1. A (semi-)Lie group G is called loop contractible, if there exists a 
smooth contraction $ : Gxl ^ G to the identity such that $( : G — ^ G, g i— > $(g, t) 
is a homomorphism of (semi-)Lie groups for all t ^ I. 

Example 7.2. Any topological vector space V is smoothly loop contractible via 
^{v,t) ^t-v. 

Example 7.3. The path group PG = G((/, {0}), (G, {e})) of based paths of a Lie 
group G is smoothly loop contractible via "I>pg(7, s)(t) :— j{st). 

Remark 7.4. A Lie group G is smoothly loop contractible if and only if the extension 
f2G ^ PG ^ G is a semi-direct product: If $g is a smooth loop contraction of 
G, then the Lie group homomorphism s : G ^ PG,s{g){t) — ^G{g,t) is a right 
inverse to the evaluation evi : PG ^ G at 1; conversely, if such a right inverse s 
exists, then the homotopy given by ^0(9,^) ■= evi$PG(s((/))(i) is a smooth loop 
contraction of G. 

Replacing continuity by smoothness, paracompactness by smooth paracompact- 
ness and the loop contraction by a smooth loop contraction in the previous discus- 
sion yields: 

Proposition 7.5. If V is a smoothly loop contractible abelian Lie group then there 
exists a morphism a : V*^^ — ^ C{A*,V) of semi-simplicial Lie groups which is a 
right inverse to the vertex morphism Ay and all the adjoint functions (7„ : 1/"+^ x 
Zi" — > V are smooth. In addition for all v £ V the singular n-simplices (t„(u, . . . , v) 
are the constant maps A" — > {v}. 

Proof. The morphism a : V*^^ — > G{A*,V) is constructed by smoothing out the 
construction presented in the last Section. □ 

From now on we assume the coefficient Lie group V to be smoothly loop con- 
tractible with smooth loop contraction ^ : V x I ^ V, which gives rise to a 
morphism a : V*^^ — > C{A*,V) of semi-simplicial abelian Lie groups that is a 
right inverse to Xy- Similar to the continuous case we observe: 
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Lemma 7.6. For any smooth partition of unity {(pq.i | i G /} subordinate to the 
open cover {U!^^^ | i £ /} of ^[q] and p-cochain f G CP{ii,A'^) the maps 

('''•1) ^i(^..ip-i ^7 X ^ an O {fa„i„,,,ip_^, ■ ■ ■ , fa„io...ip-i,'Pq,aQ, ■ ■ ■ ,V'q,a„){x) 

- where for each x E X the indices ao < • • ■ < a„ are those for which ^qa. (M\ {0}) 
contains x - are smooth. 

Proof. The proof is analogous to that of Lemma 15.81 □ 

Lemma 7.7. For any smooth partition of unity {ipq^i \ i G 1} subordinate to the 
open cover {U^~^^ \ i G 1} ofU[q] and p-cochain f G (7^(11, A^) the maps defined in 
\71\form a cochain in C^-^ {ii; A^) . 

Proof. The proof is analogous to that of Lemma 15.91 □ 

Proposition 7.8. For any smooth partition of unity {ipq.i | i G /} subordinate to 
the open cover {J7,f^^ | i G /} of ii[q] the homomorphisms 

(7.2) hP^"^ : 6^(11, A"^) ^ CP-\il,A'^) 

- where for each x d X the indices ao < ■ ■ ■ < an are those satisfying (pq^at (x) ^ 

- form a contraction of the augmented row A'^{il; V) ^ C*(il, A^) which restricts 
to a row contraction of the augmented sub- complex V) ^ C'*(il, A^). 

Proof. The proof is analogous to that of Proposition 15.101 □ 

Corollary 7.9. For any open covering il — {Ui | i G /} of a manifold M for which 
the coverings {U^^ | i G /} o/ the spaces ii[q] are smoothly numerable the homo- 
morphism i* : A*{ii;V) — > TotC'*(il, A*) induces an isomorphism in cohomology. 

Recalling the contractibility condition imposed on the abelian Lie group V we 
proceed to show: 

Theorem 7.10. For any smoothly loop contractible abelian Lie group V and open 
covering ii of a manifold M for which each covering {C/f^^ | i G /} o/ \y[q\ is 
smoothly numerable the inclusion A* (il; V) '-t- A* (il; V) induces an isomorphism 
in cohomology and the cohomologies H{!d; V), Hs{!d; V), i?c(il; V) and H{ii; V) are 
isomorphic. 

Proof. The proof is analogous to that of Theorem 12.71 □ 

In this case the Cech Cohomology H{U.; V) for the covering il of X can be either 
computed from the complex ^^(il; V) of smooth il-local cochains, from the complex 
A* (il; V) of continuous il-local cochains or from from the complex A* (il; V) of il- 
local cochains. 

In order to obtain results similar to those for continuous cochains we require the 
manifold M and their finite products to be smoothly paracompact. Then passing 
to the colimit over all smoothly numerable coverings yields the classical results: 

Corollary 7.11. For any manifold M for which all finite powers are smoothly 
paracompact and any smoothly loop contractible abelian Lie group V the Cech coho- 
mology H(M]V) w.r.t. smoothly numerable coverings and the smooth Alexander- 
Spanier cohomology HAS,siX;V) w.r.t. numerable coverings are isomorphic. 
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Corollary 7.12. For any manifold M for which all finite powers are smoothly 
paracompact and any and smoothly loop contractible abelian Lie group V the Cech 
cohomology H{X;V) and the smooth Alexander- Spanier cohomology HAs,siX;V) 
are isomorphic. 

Example 7.13. If a manifold M with smoothly paracompact powers has trivial 
Cech cohomology H{M; V) (e.g. if M is contractible) and V is smoothly loop 
contractible, then the smooth Alexander-Spanier cohomology Has,s{M; V) is trivial 
as well. 

Proposition 7.14. For any smoothly loop contractible abelian lie group V and 
open identity neighbourhood U of a Lie group G for which all finite products are 
smoothly paracompact, there exists an open identity neighbourhood W Q U and 
homomorphisms h^''^ : (7^(11^/, A') C^~^ {i!<.u , A'') satisfying the equation 

and which leave the sub-rows C*(ii(7,yl^) and C*{'du,A1) invariant. In particular 
the colimit double complex coWmu^Ui C* [iiij] A*^) is row-exact. 

Proof. For any open identity neighbourhood [/ of a Lie group G for which all finite 
products are smoothly paracompact Lemma 14.171 shows the existence of an open 
identity neighbourhood W C U and smooth real-valued functions {(fiq.g | G G G} 
with locally finite supports in {gU) x • ■ ■ x (gU) respectively such that the restriction 
of each function (pq — "YligeaVq-g to W[q] is the constant function 1. Then the 
homomorphisms 

(T.Sj/iP'" : GP(il,A«) ^ GP-i(il,A«) 

(^^''/)jo---»p-l ^ ° (/aoio-.-jp-l 7 ■ ■ • : fcxnio-.-ip-l i Vq.ao i ■ • ■ 7 fq,a„ ) j 

- where for each x X the indices ao < • • • < a„ are those satisfying ipq^ai (x) ^ 

- have the desired property. □ 

Corollary 7.15. For any open neighbourhood filterbase Ui of a Lie group G whose 
finite products are smoothly paracompact and smoothly loop contractible abelian 
Lie group V the morphisms i* induce an isomorphism colimu Hs{'du]V) = 

Summarising the preceding observations for Lie groups we have shown: 

Theorem 7.16. For any open neighbourhood filterbase lAi of a Lie group G whose 
finite products are smoothly paracompact and smoothly loop contractible abelian Lie 
group V the morphisms All'iXu-.V) ^ A*{Uu;V) and C{X*^^,V) : 
S*{ilu', V) for all U ^lAi induce isomorphisms 

coYanueUi Hs{iiu; V) = colimueUi H{iiu; V) = Hsing{G; V) 

in cohomology. 

Proof. The proof is analogous to that of Theorem 14.211 □ 

Appendix A. Partitions of Unity 

Lemma A.l. For each summable set of function ipi : X ^ V , i ^ I into a complete 
Hausdorff abelian group V all subsets of functions are also summable. 
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Proof. Let ipi : X ~¥ V , i ^ I he Si summable set of functions into a complete 
abelian Hausdorff group V and J C / be a subset of /. We claim that for each 
X € X the net of finite partial sums of ipj{x), j € J is a Cauchy net. For each 
identity neighbourhood U in V there exists a finite subset Ix,u of / such that 



(A.l) 



(Pi{x) e ip{x) + U 



for all finite supersets /' D Ix,u- Choose an identity neighbourhood W in V sat- 
isfying W — W C U and consider the finite subset Jx,w ■= J <^ Ix,w of J. For all 
finite supersets J', J" of Jx,w the above relation lA.il implies 

hence the the net of finite partial sums of ipj{x), j G J is a Cauchy net. Since V is 
complete and Hausdorff, this Cauchy net converges and the limit is unique. □ 



W CU 



Lemma A.2. For every summable set of real valued functions ipi 
the set \(pi\, i £ I of non-negative functions is also summable. 



X 



i e / 



Proof. Let ipi, i I he a, summable set of real functions. For each point x E X split 
the index set / into Ix,+ := {i G I \ (pi{x) > 0} and Ix.~ := {i G / | fi{x) < 0}. 
The sums J^iei + V'ii^) ^^nd X^iG/ - Vii^) exist by Lemma [A. 11 hence |</'i(a;)| is 
summable with sum Y^iei \'P^{x)\ = T.iei^,+ "P^i^) - T^iei^,- 'Pii^)- ^ 

Lemma A. 3. For every summable set of real valued functions ipi : X ^ R, i Cz I 
with continuous sum the sum X]je/ I'^'il '■^ continuous as well. If tpi, i G I is a (gen- 
eralised) partition of unity, then i G I is a non-negative (generalised) 
partition of unity. 

Proof. Let 1^9^ : A" R, i G / be a summable set of real valued functions with 
continuous sum ip and let -0 denote the sum of absolute values \ipi\. The convergence 
'^ipi = (fi means that for all x G A and e > there exists a finite subset J^.e Q I 
such that for all supersets /' 3 Im.e the inequality 



(Pi{x) - (p{x) 



< e 



is satisfied. The set Vx^e ■= {a:' G A | | X^ie/^ ^ — <f{x')\ < e} is an open 

neighbourhood of x. For every x' G T4,e and finite subset J C I \ Ix,e the absolute 
value of the sum X)ieJ fii-"^') ^^^^ than 2e, which implies that the sum X^i^/ Iv'il 
is less than 4e. The intersection 

-1 



(A.2) 



Wx.e ■■= Vx,e n 



E 1^^ 



^{x) ((-4e,4e)) 



is an even smaller open neighbourhood of x. For all points x' G Wx,e we observe 



< 4e + 4e = 8e . 



Thus for every point a: G A and e > there exists a neighbourhood of a; such 
that ip{W) C B^{tp{x)), i.e. ip is continuous. □ 
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Lemma A. 4. For each summahle set of function ipi : X V , i £ I with continuous 
sum if into a complete Hausdorff abelian group V the sum of any subset of functions 
is also continuous. 

Proof. Let ipi : X ^ V , i I he a, summable set of functions into a complete 
abelian Hausdorff group V with continuous sum ip :~ ipi and J C / be a subset 
of /. We show that the sum ipj := X^jGJ '^o continuous at each point x £ X. For 
each identity neighbourhood U inV there exists a finite subset I^.u of / such that 
lA.ll holds for all supersets I' ^ IxU- Furthermore the set 
(A.3) 

E (c/)n[ E {U)nn{^-~ip{x))-\u) 

\ie/x,!7\J / \iei^xi J 

is an open neighbourhood of Choose an identity neighbourhood in V satisfying 
W + W + W- W- WfZU. For all points x' € V^m and finite supersets J' of 
Jx,w '■— Ix.w C\ J Vie observe 

je{i:c.w\J) je{i:c.iv\J) 
e {ifix') + W)~ {ip{x) + W)-W 
C W + W -W -W 

Passage to the limit shows that the difference fj{x') ~ (pj{x) is contained in the 
closure of W + W — W — W, which in turn is contained inW + W + W — W — W C U. 
Thus for each point x £ X and identity neighbourhood U of V there exists a 
neighbourhood Vx.w of x such that ipjix') — (pj{x) £ U for all x' G Vx^w, i-G- the 
function ipj is continuous at all points x £ X. □ 

Similar to continuous partitions of unity (as done in [tD91| ) it can be shown 
that coverings by cozero sets of generalised partitions of unity are always smoothly 
numerable. For this purpose we will use the smooth function 

(A.4) /:M^M, /(-)-ln' •! " J n 

10 il X < 

to adapt the proof for continuous functions in [tD91] to the general smooth context. 

Lemma A. 5. For every generalised smooth partition of unity {tpi \ i € 1} on a 
manifold M and covering by the cozero sets Ui := (p~ (M \ {0}) there exist non- 
negative smooth real functions {ifi^n \ i € I , n £ N} such that for all n E N 

(1) the collection of supports {suppiy9i.„ \ i E 1} refines {Ui \ i £ I}, 

(2) the collection {supp ipi^n \ i £ 1} of supports is locally finite, 

and such that that for every point m G M some ipi^n satisfies Lpi^n{m) > and for 
fixed i £ I the supports of Lpi^n, ?! G N exhaust the open set Ui. 

Proof. Let {^pi | i G /} be a smooth generalised partition of unity on a manifold 
M . We define real valued functions ipi^n on M via 
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The support of (pi^n is contained in the cozero set </'.rn+i(('^j °°)) ^"^^ ^'^^ fixed i G / 
the supports of (pi^n n & H exhaust Ui by construction; this proves (1) and the last 
claim. Furthermore for every point m € M the convergence ^ ipi (m) = 1 means 
that for all e > there exists a finite subset Q I such that for all supersets 
I' ^ ^m,e the inequality 



ier 



ipi{m) - 1 



< e 



is satisfied. For every n the set Vm.n ■= {m' S M | | X^ie/ 1/2 ("^'^ ~ -'^1 l/2n} is 
an open neighbourhood of m on which all functions (/j^, i (jz. Im,i/n satisfy \ipi\ < l/n. 
This implies < and (pi^n = on for all i which are not contained in 
the finite set Im,i/2n- Therefore the collection {(/^T^^+iCCO, 00)) | i G /} of cozero 
sets and the collection {supp (/?i.„ | i G /} of supports are locally finite, which proves 
(2). Finally, for each point m G M there exists some ipi satisfying (pi{m) 7^ 0. For 
all n G N satisfying l/n < \(pi{m)\ the function ipi^n also satisfies fi.niiTi) ^0. □ 

Proposition A. 6. An open covering ii of a smooth manifold M is smoothly numer- 
able if and only if there exist non-negative smooth real functions ipi.n, i G /, n G N 
such that for all n & N 

(1) the collection of supports {suppiy9i.„ | i G /} refines U, 

(2) the collection {supp ipi^n | i G /} 0/ supports is locally finite, 

and such that that for every point ni G M some ifi^n satisfies 93i^„(m) > 0. 

Proof. The proof is an adaption of the proof of [tPQll Lemmata 5.5, 4.6] to the 
general smooth context. The forward implication is proved in Lemma [A. 51 so only 
the backward implication requires proof. Let ipi^n, « G J, n G N be smooth real 
valued functions with the above properties. Replacing ipin^n with (pf^/(l + ifif^) 
we can w.l.o.g. assume that the functions tpi^n take values in the uni interval. For 
each n G N the collection {supp (pi,k | i G /, A: < n} of supports is locally finite, 
hence the sum 

Qn ■= ^ ^i,k 

(where qq = 0) is a smooth real valued function on M. As a consequence the 
composition ipi^n '■— f ° {fi.n ~ 1^ ■ Qn) is smooth as well. We claim that the 
collection {il)~^{0,oo) | z G /, n G N} of cozero sets an open covering of M and 
that the supports {suppipi n | « G /, n G N} form a locally finite covering of M 
which refines the open covering ii. If 71 is minimal such there exists a function (pi^n 
satisfying (y9i.„(m) ^ 0, then (/^(m) — and ipi^nijn) = fi.n — 0^0. Thus for each 
point m€ M there exists an index {i,n) such that 'ipi,n{m) ^ 0, i.e. the collection 
{■!/)~^((0, 00)) I i G /, n G N} of cozero sets is an open covering of M. Moreover the 
sequence of functions qn is monotone increasing, so for each m £ M there exists 
G N such that N ■ qN{m) > 1 hence also N ■ qN{m) > 1 in a neighbourhood 
Vm of m. As a consequence the supports of all the functions ipi.n with n > TV do 
not intersect Vm. So the collection {suppT/^i n | z G /, n G N} of supports is locally 
finite. Normalisation of {ipi,n | * G /, n G N} yields a smooth partition of unity 
subordinate to It. □ 



Theorem A. 7. Every covering of a manifold M by the cozero sets of a generalised 
partition of unity {ipi | z G /} is numerable. 
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Proof. Let [ifi I i G /} be a generalised smooth partition of unity on a manifold 
M and construct non-negative functions (pi^n as in the proof of Lemma IA.5I and 
further a partition of unity {V'i.n \ i ^ I , n d N} as in Proposition IA.61 Then 
{■01 I I G /, n S N} is a partition of unity subordinate to {(^^^"'^(M \ 0) | i G /}. □ 

Appendix B. /c-Spaces 

Definition B.l. A continuous function from a compact Hausdorff space into an 
arbitrary topological space X is called a probe over X. 

Definition B.2. The k-topology on a topological space X is the final topology of 
all probes over X. The underlying set of X equipped with the fc-topology is denoted 
by kX. 

Lemma B.3. The k-topology on a topological space X is finer than the original 
topology of X , i.e. the set theoretic identity map kX X is continuous. 

Definition B.4. A topological space is called a fc-spaces if kX — X. The full 
subcategory of Top with objects all /c-spaces is denoted by kTop. 

Any continuous function f : X ^ Y between topological space X and Y gives 
rise to a continuous function k(/) : kX — ^ kY, which coincides with / on the 
underlying set. These assignments constitute a functor 

k : Top kTop. 

Proposition B.5. The category kTop is a coreflective subcategory of Top with 
coreflector k, i.e. the functor k is a right adjoint to the inclusion kTop — )• Top. 

Proof. Let X be a /c-space and Y be an arbitrary topological space. The continuous 
function ey : kY — > Y induces an injective map 

: homkTop(X,kr) homTop(X, F) 

which is natural in X and Y. It remains to show that i^ is surjective. Let f : X ^ Y 
be a continuous function. Then the function k(/) : X = kX kY is continuous 
and i*k(/) — f. Therefore is bijective. □ 

Corollary B.6. The inclusion kTop — > Top is cocontinuous, i.e. the colimits of 
k -spaces in kTop coincide with those in Top. 

Corollary B.7. The coreflector k : Top kTop is continuous, i.e. it preserves 
limits. 

Proposition B.8. The product of spaces Yi in kTop is given by k{Y[Yi), where 
Y[Yi is the product in Top. 

Proof. By the use of Lemma IB. 51 one obtains for every fc-space X the following 
chain of natural isomorphisms: 

homkTop (x,k[]K,) = homTop(x,[]y,) 

= Y[ l^ornxop (X, ) = homkTop {X,Yi ), 
which is what was to be proved. □ 
Theorem B.9. closed subspaces of k -spaces are k-spaces. 
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Proof. Let X be a /c-space and A C X he a, closed subspace. It is to show that 
kA — > A is an isomorphism, i.e. every subset B oi A that is closed in kTopA is 
already closed in A. Let B be such a closed subset of kA. Since A is closed in 
X, the inverse image p~^{A) under any probe p : C ^ X is closed in the compact 
Hausdorff space C, hence the inverse image p^^{A) also is compact. The restriction 
P\p-i(A) of p to the compact subspace p~^{A) of C is a probe on A. The inverse 
image p~^{B) is equal to the inverse image P|^Li^^^(_B) under the probe 
The latter inverse image is closed in p^^{A) by assumption. Being a closed subspace 
of a closed subspace p^^{A) of C it is closed in C. Thus the inverse image of B 
under any probe p : C ^ X is closed in C, i.e. B is closed in X. □ 

Lemma B.IO. The coreflector k : Top — > kTop preserves closed emheddings. 

Proof. Let A be a closed subspace of a topological space X and let ia '■ A X 
denote the inclusion. To show that k(j^) : kA kX is closed, it suffices to prove 
that the image k{iA){B) of every closed subset B of kA is closed in kX. li B C kA is 
such a closed subset, then every inverse image /' ^{B) under a probe f : C ^ A 
from a compact Hausdorff space C" into A is closed. If / : C — t- X is a probe, 
then the inverse image C :— f^^{A) is closed in C, hence a compact subspace of 
C. Therefore the restriction and corestriction /'p, is a probe into A; The inverse 
image f~^{B) of B under the probe f : C ^ X coincides with the inverse image 
/|'^, (B) of B under the probe f^^,, which is closed in C . Because C" is a closed 
subspace of C, the inverse image f~^{B) also is closed in C. Thus the inverse image 
f^^{B) of B under any probe / : C — > X is closed, hence B is closed in kX. □ 

Lemma B.ll. Any open subspace of a k-space is a k-space. 

Proof See [tDOT] Satz 6.6] for a proof. □ 

Lemma B.12. The coreflector k : Top kTop preserves open emheddings. 

Proof. Let U be an open subspace of a topological space X and let ju '■ U ^ X 
denote the inclusion. For the natural transformation e : k idTop one obtains the 
commutative diagram 

HJu) 
kU >kX 



U^^X 

The open subspace t^{U) of the fc-space kX is a fc-space itself. Restricting the 
morphism ex to the fc-space e^{U) of kX and corestricting it to U we obtain the 
equality iAjj — exj^-Wf^ ° k(jc/), i.e. kU is homeomorphic to e'^{U) and k{ijj) is 
the inclusion of an open subspace. □ 

Appendix C. fc^j-SPACES 

There exists a variant of the category kTop of fc-spaces, which shares many of 
the properties of the category kTop. It is formed by the class of all topological 
spaces whose topology is the weak topology with respect to some countable set of 
compact Hausdorff spaces: 
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Definition C.l. A topological space X is called a kui-space if it has the weak 
topology w.r.t. a countable set {fn{Kn)} of images of compact Hausdorff spaces Kn 
under continuous functions /„ : Kn — > X. The full subcategory of Top consisting 
with objects all fc^^-spaces is denoted by k^Top. 

Since the images fn{Kn) in the above definition are compact subspaces of the 
topological space X, this implies that X has the colimit topology of the ascending 
sequence [j^^i Ki of compact subspaces of X . Conversely, if X is the direct limit of 
an ascending sequence of compact subspaces, then it is a /c^j-spacc. Similar to the 
class of /c-spaces the class of /ci^-spaces can be described as quotients of compact 
Hausdorff-spaces : 

Lemma C.2. A topological space is a k^^-space if and only if it is the quotient of 
a disjoint union of at most countably many compact Hausdorff spaces. 

Proof. The proof of |Dug89[ Theorem XI. 9. 4] generalises to /c^j-spaces. □ 

Lemma C.3. Quotients of k ^-spaces are k^ -spaces. 

Proof. Since compositions of quotient maps are quotient maps, this is a consequence 
of the characterisation of fc^^-spaces in Lemma [0.21 □ 

Lemma C.4. Finite and countable disjoint unions of k ^-spaces are k^ -spaces. 

Proof. This follows from the characterisation of fc^-spaces in Lemma [0.21 □ 

Summarising the last two lemmata we observe that the subcategory k^^Top of 
Top has the same countable colimits: 

Proposition C.5. Finite and countable colimits of k^^-spaces in Top are k^-spaces. 

Definition C.6. A topological space X is called locally k^) if every point has a 
neighbourhood filter basis of fc^j-spaces. 

Lemma C.7. Finite products of Hausdorff k^- spaces are Hausdorff k^- spaces. 

Proof. This is a special case of [GGH06[ Lemma 1.1 (b)], cf. |GGH061 Proposition 
4.2 (c)]. □ 
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